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ABSTRACT

If G is a finite group in which every element of p/—order centralizes a g¢-
Sylow subgroup of G, where p and ¢ are distinct primes, it is shown that
Oq'(G) is solvable, 14(G) < 1 and lp(Oq’(G)) < 2. Further, the structure
of G is determined to some extent.

1. Introduction
Let p, ¢ be prime numbers and G be a finite group. We call an element of G a
p'-element if its order is not divisible by p and a conjugacy class of G a p'-class
if it consists of p’-elements of G.

We say that G has the property P(p,q) if every p’-element of G centralizes
a g-Sylow subgroup of G. Equivalently, G has P(p,q) if the prime g does not
divide the length of any p’-class of G.
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If p = g the property P(p, q) holds if and only if G has a ¢-Sylow subgroup as
a direct factor [1, Lemma 1]. (Observe that, as one can easily prove, the prime
g does not divide the length of any conjugacy class of G if and only if G has a
central ¢-Sylow subgroup.)

In this paper we prove that, if p # ¢ and G has P(p,q) then:

(a) OP(G) has a normal g¢-complement and abelian ¢-Sylow subgroups

(Theorem 5). In particular, [4(G) < 1.

(b) 0% (@) is solvable (Theorem 3: it uses, via Proposition 1, the Classification

of Finite Simple Groups).
Write G = 09'(G/0,(G)), then:

(¢) G has abelian p-Sylow subgroups (Corollary 4). In particular, {,,(0? @) <
2.

(d) We determine the structure of G/®(G): it is, up to factoring out central
g-subgroups, either 1 or a subdirect product of suitable affine semilinear
groups (Corollary 3 to Proposition 6). Further, we get some conditions on
the primes p and g (Corollary 5).

Finally, Examples 1 and 2 show that it is not possible to control either the top
section G/09 (G) or the derived length of the Frattini subgroup ®(G) in a group
G that satisfies P(p, q).

With a view to comparing conditions on lengths of conjugacy classes and
character degrees (see [6, §§2,4]), we recall that a group G has the property
BP(p, q) if every irreducible p-Brauer character of G has ¢’-degree. It is proved
in [12, Theorem 2.6} that if BP(p,q) holds in G for p # ¢q and G is p-solvable,
then:

(a) 14(G) < 2 and the Sylow g-subgroups of G are metabelian;

(b) 07'(G) is solvable;

(c) 1,07 (@) < 2if (p,q) # (7,3) and (0% (G)) < 3 in all cases.

We finally recall that BP(p, p) holds in G if and only if G has a normal p-Sylow
subgroup (see Theorem 2.33 of [15] for p = 2 and [14] for p odd).

2. Preliminaries

We denote by g€ the conjugacy class of the element g in G and by |g€| its length.
We start with an easy remark:
LEMMA 1: Let N be a normal subgroup of G. Then:

(i) ifg € N, | gV | divides | g€ |;

(i) ifg € G, | (Ng)¢/N | divides | g€ |.

We collect some further observations in the following:
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LEMMA 2:

(i) P(p,q) is inherited by normal subgroups, factor groups and hence by
subnormal sections;

(ii) P(p,q) holds in G = Gy x G2 X -+ x Gy, if and only if it holds in G; for
i=1,2,...,n; in particular P(p,q) Is inherited by direct product with ¢'-
groups, that is if G has P(p,q)and N is a ¢'-group, then G x N has P(p,q)
as well.

If we assume p # ¢, then we have:

(ii) P(p,q) is inherited by extensions by p-groups, that is if G has P(p,q), N
is a p-group and E is a group such that Na E and E/N ~ G, then E has
P(p,q) as well;

(iv) if OP(G) satisfies P(p,q), then also G does.

Proof: (i) and (ii) follow immediately by Lemma 1. Consider now a p’-element
of E. By hypothesis, there exists a ¢-Sylow subgroup @ of E such that QN/N <
Cg/n(< zN >). Hence Q acts on K =<z > N and Cx(Q)N/N = Cg/n(Q) =
K/N. But K is p-solvable, thus Ck(Q) contains a p’-Hall subgroup H of K and
there exists k € K such that H* =< z >. It follows that Q* < Cg(r) and (iii)
is proved. To prove (iv), observe that a p’-element of G is in OP(G) and that G
and OP(G) have the same ¢-Sylow subgroups. ]

Let 7 be a prime, k a positive integer and K = GF(r*). We will use the
following notation for subgroups of the semilinear group:

AT (r%) = {( axaﬁ ) ) :z,0,b€ K,a#0,0¢ Gal(K/GF(r))} ,

ATo(r%) = {( o ):x,a,beK,a;ﬁO},

axr+b

I(r*) = {( aZ" ) cr,a€ K,a#0,0 € Gal(K/GF(r))},

I‘O(rk)z{( ;’m )::c,aEK,a;éO},
A(rk)={< xib ):x,beK}.

Finally, in the following “group” will always mean “finite group”.
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3. Solubility of 09’ (G)

In this section we want to prove that if the group G satisfies P(p, q), then 09'(G)
is solvable. To do this, we first consider almost simple groups. G is an almost
simple group if there exists a non-abelian simple group S such that S < G <
Aut(S), where Aut(S) is the automorphism group of S. We prove that an almost
simple group can satisfy P(p, q) just in the trivial case (g, |G]) = 1.

PROPOSITION 1: If G is an almost simple group, G satisfies P(p,q) if and only
if (¢,|Gl) = 1.

We first prove the same property for finite simple non-abelian groups.

PROPOSITION 2: Let G be a finite simple non-abelian group. Then G has P(p, q)
if and only if (¢,|G|) = 1.

Observe that we can assume that p divides |G|, since for p'~groups P(p,q)
amounts to having a central g-Sylow subgroup (see for example [6, Theorem 5]).
We can also assume p # ¢, since otherwise G has a normal p-Sylow subgroup
(Theorem 4).

We recall the definition of the prime graph I'(G) for a finite group G. The
set of vertices of I'(G) is the set 7(G) of primes dividing the order of G and two
vertices p, q are joined by an edge if there is an element in G of order pq.

We denote the set of all the connected components of the graph I'(G) by
{m:(G), for i = 1,2,...,n(G)} and, if the order of G is even, we denote by m(G)
the component containing 2.

We can now prove the following easy lemma:

LEMMA 3: Let G be a group such that n(G) > 3; then G does not satisfy P(p, q).

Proof: Let m1(G), m2(G@) and m3(G) be three distinct connected components of
I'(G). Let p, ¢ be two distinct primes in 7(G); then p € 7,(G), ¢ € 7;(G), with
i,J € {1,2,3} not necessarily distinct. By our hypothesis, there exists a prime
s € m(G), with @ # k # j. Let z be an s-element of G; then z is a p’-element
and ¢ does not divide |Cg(z)|. Therefore G does not satisfy P(p, ). [ |

We use the Classification of Finite Simple Groups to prove Proposition 2.

SPORADIC GROUPS. We can apply Lemma 3 to the following sporadic groups:
My, Mag, Mas, My, J1,Js, Js, HS, Sz, O'N, Ly,COy, Fy3,Fyy, F,Fy,F5. In
fact, from [18)], we know that for these groups G we have n(G) > 3.

For the remaining sporadic groups G, we have that n(G) = 2, m2(G) = {t},
t > 7 and a ¢-Sylow subgroup of G is cyclic of order t. If p # ¢ and q # t, then
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there exists a t-element {and therefore a p'-element) z such that g does not divide
|Ca(z)|. If p #t and ¢ = ¢, we can choose any {p,q}’-element = and again ¢
does not divide |Cg(z)|. If now p = ¢, then in all the groups we are considering
there exists an element x of order 6 such that Cg(z) does not contain a ¢-Sylow
subgroup of G, for any prime ¢ dividing |G|. Therefore if G is a sporadic group
and ¢ divides |G|, then G does not satisfy P(p,q).

ALTERNATING GROUPS. To any element o of the symmetric group Sy, there is
associated a partition of the integer n:

h
0 — (Ny,N2,. .., M), E n; =n.
=1
Moreover, we can order the numbers n; such that

t
N =MNg="-""=Npky > Nhy41 = " = Nhy4hy > Nh, h= E hi.
=1

In this case we then have ([9, ex. 3, p. 78])

t h
ICs, (0)] = Hhi! 1K
j=1

i=1

Here are some examples that will be useful later.

o (n) =>|Cs,(0)] =n and |Ca, (o) =n,if o € Ay;

o= (ILin-1)=|Cs, (o)) =n—~1and |Cs (o) =n—1,if 6 € Ay;

o (1,1,n-2) = |Cg,(0)] =2(n —2) and |Cyx (o) =n—2,if 0 € A;

o (2,n—2) = |Cs,(0)| =2(n—2) and |Ca, (o) =n — 2, if 0 € Ap.

We study now the groups A,. By Lemma 3, we can suppose that n > 8. We
denote by |n|, the maximal power of ¢ dividing n. Let @ be a g-Sylow subgroup
of An; then |Q| = |n!/2],.

First we suppose that n is odd. If ¢ = n and ¢ is an element of order g, then
|Ca, ()] = q. Therefore, since |r(A,)| > 3, for any prime p € 7n(4,), p # q,
there exists a p’—element « such that ¢ does not divide [Cg(z)].

We can therefore suppose ¢ < n. We suppose now that p does not divide n.
Then, since ¢ < n, we have |n!|, > |n|, and, moreover, |n!/2|; > |n|,, since we
are supposing n > 8.

Let z be the permutation (1,2,...,n), then z is a p’—element in A,, and
|Ca,(x)| = n. Since |n|, < |Q], a ¢-Sylow subgroup Q¢ cannot be contained
in Cyu, ().
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We now suppose that p divides n. Then p is an odd prime not dividing (n —2).
If g=n—2 and o is a g-element, then |Cy4, (o) = n — 2, and we can conclude
with an argument similar to the one used in the case ¢ = n. Therefore we suppose
that ¢ < (n —2). Since n > 8, n — 2 > 6 and then again

n —2)! n!
(+) n-2, < [P 2 <|2 <1
2 g 2 lq
Let = be the permutation (1,2,...,n — 2); then « is a p’-element in A, whose
centralizer in A,, has order n — 2. Then, by (*x), a ¢-Sylow subgroup @9 cannot
be contained in Cyu, ().

If n is even, we can conclude in a similar way.

FiNITE GROUPS OF LIE TYPE. We can now suppose that G is a finite simple
group of Lie type defined over a field GF(¢) of order ¢ = r*, for some prime 7.
First we suppose p # r. If ¢ = r, the unipotent subgroup U of G is a ¢g-Sylow
subgroup of G. Since Cu(U) = Z(U), any {p,q} -element cannot centralize a
q-Sylow subgroup and therefore P(p,q) does not hold in G in this case. We can
therefore suppose g # r. We recall that z is a semisimple element if and only if
z is an r’-element. By Proposition 5.1.7 of [2], G contains an unipotent regular
element u, that is a regular r-(and therefore p’)-element. Then, by Proposition
5.1.5 of [2], C' = Cg(u) does not contain semisimple elements. We can conclude
that ¢ does not divide |C| for any q € n(G) “{r}.

We suppose now that p = r; then a p’-element is a semisimple element. If
g and s are distinct primes, both different from p, and if y is a g-element that
centralizes an s-element z, then zy is a {q, s}-element and therefore a semisimple
element. Since every semisimple element is contained in a maximal torus, there
exists a maximal torus containing xy. Then for any ¢ # p, we are looking for a
prime s # p such that gs does not divide the order of any maximal torus of G. We
have to do a case-by-case analysis. We recall that, for any ¢ > 2, the connected
component 7;(G) is the set of primes that divide |T;|, for some maximal torus
T;. If n(G) > 3, by Lemma 3, G does not satisfy P(p,q). We now suppose that
n(G) = 2; therefore p € m1(G) and |71(G)| > 2 (see [18] and [10]). If g € m2(G),
we choose a prime s such that p # s € m1(G). If ¢ € m1(G), we choose a prime s
such that p # s € m3(G). In both cases, it is now clear that for any element x of
order s, the prime ¢ does not divide |Cg(x)|. Therefore in any finite simple group
of Lie type such that its prime graph is not connected and for any ¢ dividing |G/,
we can find a p'-element such that Cg(x) does not contain a ¢g-Sylow subgroup.
The statement of Proposition 2 is therefore proved in these cases.
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It is therefore sufficient to examine the groups S of Lie type such that the
prime graph of S is connected. From [18] and [10], we know that these are some
classical groups and the exceptional groups E-(t).

We now quote a technical lemma, due to Zsigmondy.

LEMMA 4 (Zsigmondy): (i) Let r,k be two positive integers, with k > 3: then
there exists a “primitive divisor” of r* — 1, that is a prime s dividing r* — 1 and
not dividing r¥ — 1, for any j = 1,... .k — 1, except in the cases T = 2 and k = 6.

(i) Let r, k be two positive integers, (r, k) # (2,3); then there exists a “primi-
tive divisor” of r* 4+ 1, that is a prime s dividing r* + 1 and not dividing v%7 — 1,
forany j=1,....k— 1.

Proof: (1) This is exactly the Zsigmondy Theorem [19].
(ii) We apply (i) to r2¥ —1 and find a primitive divisor s. Since s cannot divide
r® — 1, then s must divide 7% 4 1. |

Before beginning with a case-by-case analysis, we make some general remarks.
The orders of the finite groups of Lie type can be found in [2]. The orders of
the maximal tori of finite groups of Lie type are known: for the classical groups
and for E(t), they can be deduced from [3]. We denote by |n|, the m-part of
the integer n, where m is a set of primes. If T' =< x > is a cyclic maximal torus,
then |Cg(z)|p = |T|; otherwise there would be an element y of order |z|m, with
(m,p) = L. But |z|m cannot divide the order of any maximal torus in the cases
we consider.

Ay(t) 2 PSLi41(t).  The orders of maximal tori are

[, - 1)
t-D(1+1,t-1)

(ri,...,m,) € Par(l + 1).
Let = be a Singer cycle of G (see [7, Satz 11.7.3]). Then
o) = 1 = 1)/t - 1)(+1,t—1) and C=Cgqlx)=<z>.

If C does not contain a g-Sylow subgroup, then x is the p’-element we are looking
for. If a g-Sylow subgroup @ is contained in C, then ¢ is coprime with ¢t — 1. In
fact if ¢ divides ¢t — 1, then

QI =1t = 1)/t =D+ 1,t = 1)]g < "™ 1]y < |Gl

against the hypothesis that @ is a g-Sylow subgroup of G. Therefore (g,t'~1) = 1,
because (#+1 — 1,# — 1) = (¢t — 1). Let s be a primitive divisor of t! — 1. If ¢s
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divides the order of a maximal torus 7', then by our choice of s, t* — 1 should
divide |T'|. Therefore the only possibility for the order of T is (¢! —1)/(I+1,t—1).
But g is coprime with #! — 1, and therefore ¢ cannot divide |T|.

If G = A¢(2), A1(t) or Ax(t), we cannot apply Lemma 4 in the preceding
argument. But in these cases we have that n(G) > 2 (see [18] and [10]) and we
conclude by the remark preceding Lemma, 4.

By(t) & PQo41(t).  The order of a maximal torus T is of the type

Tt = DT, (% + 1)
(2,1 —1)

(T1y. -y Ty 81, -+, 8m) € Par(l).

By [11], there is a cyclic torus T' =< z > of order (# +1)/(2,t — 1) such that
|Ca(z)|py = |T| (by the remark preceding the case-by-case analysis). If C =
Cg(z) does not contain a ¢-Sylow subgroup, then z is the p'-element we are
looking for. If a ¢-Sylow subgroup @ is contained in C, then ¢ is odd. Therefore
(¢,t! —1) = 1, because (#! + 1,# —1) = (2, — 1). Let s be a primitive divisor
of t: — 1. If ¢s divides the order of a maximal torus T}, then by our choice of
s, t! — 1 should divide |T}|. Therefore the only possibility for the order of T} is
(t* —1)/(2,t — 1). But q is coprime with # — 1, and therefore g cannot divide
T1].

If | = 2 or G = Bg(2), we cannot apply Lemma 4. But if G = By(t), then I'(G)
is not connected (see [18] and [10]). If G = Bg(2) we can apply the preceding
argument, except in the case in which the order of a ¢-Sylow subgroup divides
26 +1 =513, that is ¢ = 13. In this case we choose s = 31 = 2° — 1 and again
qs cannot divide the order of any maximal torus of G.

Dy(t) = PQy(t). We can suppose that G # D4(2), Dg(2), because in these
cases ['(G) is not connected (see [18] and [10]). The order of a maximal torus T
is of the type

T, = DTy (% + 1)
(4,8 ~1)

(P1y. s Thy 81, -, 8m) € Par(l), m even.

By [11], there is an element. z of order (#~'+1)/d. The maximal tori T containing
this element must be of order (¢/~! + 1)(¢ + 1)/d and therefore [Ce(z)|, = |T].
If C = Cg(x) does not contain a g-Sylow subgroup, then z is the p’-element we
are looking for. If a ¢-Sylow subgroup @ is contained in C, then ¢ is coprime
with t2 — 1. In fact ¢ is certainly odd and (¢~ + 1,#~1 — 1) = (2, — 1) implies
that if ¢ divides ¢? — 1, then it divides ¢t + 1. But then

Q1 = [Clq = |(t'~" + 1)(t +1)/d]g < |Glq
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against the hypothesis that Q is a g-Sylow subgroup of G. Therefore (¢, ¢ —1) = 1,
because (#=1+ 1,8 — 1) < (#2¢-D —1,#* — 1) = (¢ - 1). Let s be a primitive
divisor of t! — 1. If gs divides the order of a maximal torus T}, then by our choice
of s, t — 1 should divide |T}|. Therefore the only possibility for the order of T
is (# —1)/d. But q is coprime with # — 1, and therefore ¢ cannot divide |T}].

E;(t). The order of the maximal tori of E7(t) can be found in [3]. In particular
there exists a maximal torus of order ¢” + 1 (see Tables 3 and 10 of [3]). By
[17] there exists an element z of order (¢* — 1)/(¢t — 1), generating a maximal
torus T and such that |T| = |Ce(z)|y. If C = Cg(z) does not contain a g-Sylow
subgroup, then z is the p’-element we are looking for. If a ¢-Sylow subgroup @
is contained in C, then ¢ is coprime with t? — 1. In fact, if ¢ divides 2 — 1, then

QI =1Clg = |(t* = 1)/(t - Vg < |Gl

against the hypothesis that @ is a g-Sylow subgroup of G. Therefore (g,t” +1) =
1, because (t8 ~ 1,t7 +1) < (#2 — 1). Let s be a primitive divisor of " + 1. If ¢s
divides the order of a maximal torus T}, then by our choice of s, t7 + 1 should
divide |T}|. Therefore the only possibility for the order of T is (t” +1). But g is
coprime with 7 + 1, and therefore ¢ cannot divide |Ty}.

2Ai(t) & PSU;,1(t). We can suppose that G # 2A45(2), 246(2) and 24,(t),
because in these cases n(G) > 2 (see [18] and [10]). The orders of the maximal
tori are

[Tics (8 = DI, (% + 1)

t+ 1)t +1,1+1)

(P1ye s Thy 81, -+, Sm) € Par({ + 1), r; even, s; odd.

By [11], there is an element x of order (##*!+ 1)/(I+ 1,¢ +1)(t + 1) if | is even
and of order (£ +1)/(1+1,t+1)(t+1) if { is odd. The order of a maximal torus
containing z is respectively |T| = [z| if | is even, |T| = (¢! + 1)/l + 1,t + 1) if
! is odd. In both cases, however, |Cg(z)|,r = |T'| by the remark preceding the
case-by-case analysis. If C' = C¢(x) does not contain a g-Sylow subgroup, then
z is the p’-element we are looking for. If a ¢-Sylow subgroup @ is contained
in C, then using an argument similar to the one used in the case D;(t) we can
prove respectively that (g,#' — 1) = 1 if [ is even and (g, #!T! — 1) = 1 if [ is
odd. Let s be a primitive divisor of t — 1 if [ is even, and of t**! — 1 if | is
odd. If gs divides the order of a maximal torus Ty, then by our choice of s,
(# = 1)/ +1,t+ 1)+ 1) (resp. (¢ —1)/(I +1,¢ + 1)(t + 1)) should divide
|T1|. Therefore the only possibility for the order of T is (¢! —1)/(1+1,t+1) ifl
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is even and (%1 —1)/(I+ 1,t + 1)(¢ + 1) if | is odd. But in both cases ¢ cannot
divide |T3].

2Dy(t) = PQoy(t). We can suppose that G # 2D4(2), because in this case
n(G) > 2 (see [10]). The orders of the maximal tori are

T, (7 = DT, (% +1)
(4,81 +1)

(P1y.-esThy S1,...,8m) € Par(l), m odd.

By [11], there is an element z of order (# +1)/(2,¢+ 1) such that < x >= T for
a maximal torus T and therefore |Cg(z)|, = |T| by the remark preceding the
case-by-case analysis. If C = Cg(x) does not contain a ¢g-Sylow subgroup, then
z is the p’-element we are looking for. If a ¢-Sylow subgroup @ is contained in
C, then ¢ is coprime with #? — 1, and therefore with (¢, (#~1 +1)(t — 1)) = 1 by
the same argument used in the case D;(#). Let now s be a primitive divisor of
t'=1 + 1. If ¢s divides the order of a maximal torus T}, then by our choice of s,
(=1 + 1) should divide |T;|. Therefore the only possibility for the order of T} is
(=1 +1)(t = 1)/(2,t + 1). But q cannot divide |Ty|.
We have thus proved the statement for all finite simple groups. [

We now extend this result to almost simple groups, proving Proposition 1.

Proof: Let S be a simple group such that S1 G < Aut(S). If q divides |S/,
then, by Proposition 2, there exists a p’-element & € S whose centralizer does
not contain any g-Sylow subgroup of S and therefore the statement is proved also
for G. We can therefore suppose that ¢ divides |G/S|, but not |S|. This implies
that S is a simple group of Lie type, defined over the field GF(¢9), for some prime
power t, and ¢ is the order of a field automorphism of S. Let o be an element of
G~ S, such that |a = ¢. If we find two different primes r1, 75 € 7(S), such that
neither ry nor ro divides |Cg(e)|, then the theorem is proved. In fact, a ¢-Sylow
subgroup @ of G is isomorphic to a cyclic subgroup of G/S, and therefore all the
subgroups of order g of G are conjugate. This means that if 8 is any element
of order ¢ of G, then |Cs(8)| = |Cs(< B8 >)| = |Cs(< a >)|. But then for
any p € m(G), there exists a p’-element (namely either an r;- or an re-element)
z such that z & Cg(8) for any element § of order ¢, and therefore ¢ does not
divide |Cg(z)|. This proves that G does not satisfy P(p,q) and therefore the
proposition is true.

Let ¢L,(t9) denote a group of Lie type L, of rank n, defined over the field
with t7 elements, and d = 1 means L,(t?) untwisted, d = 2 means 2L, (t9)
twisted, d = 3 implies L = D, n = 4, that is 4L, (t9) = 3D4(t?). If a is a
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field automorphism of order g, then Cs(a) = 4L, (t). We now prove that there
exists two different primes 71,7 in 7(S) > 7(Cs(a)). Let r; and 73 be primitive
divisors respectively of m and n, where m and n are as listed in the following
list, where we put s = t9.

Type m n
Ay(s) s+l -1 st—1
zAl(s) s+l (_1)l+1 st — (—l)l
By(s) st—1 st+1
Dy(s) st-1 |
ZDi(s) st+1 si=l—1
3D4(s) s$+1 s -1
Eg(s) s +1 §9—1
2Ee(s) s 41 2 +1
Er(s) sT+1 -1
Fs(s) s +1 s24+1
Fy(s) s5+1 s%—1
2F4(s) 5 +1 st—1
Ga(s) s2—1 $3+1
2G4(s) $+1 s—1
2By(s) s2+1 s—1

It is easy to prove that vy and ry are two different primes that divide |S| but
not |Cg(a)|. It can be useful to notice that ¢ > 5 for any exceptional group of Lie
type S = ¢L,(t), except for S = 2B,(t7) when ¢ > 3. Moreover, if S = Eg(t")
then g > 7. |

As a corollary, recalling Lemma 2(i) we immediately get the following:
COROLLARY 1: If the group G verifies P(p,q), then G is g-solvable.
We can now prove the main theorem of this section.

THEOREM 3: If the group G satisfies P(p,q), then 0% (G) is solvable.

Proof:  We show, proceeding by induction on |G|, that if G has P(p,q) and the
soluble radical R(G) of G is trivial, then (g, |G|) = 1.

Write S = Soc(G) = My X - x M, where M; = (S;)*: is the direct product
of k; isomorphic copies of the non-abelian simple group S; and S; # S; for i # j.
Since we are assuming that R(G) = 1, S coincides with the generalized Fitting
subgroup of G and hence Cg(S) = Z(S) = 1. Thus, we can identify G with a
subgroup of the group Dir;_, (Aut(S;) ¢ Sym(k;)) ([16, 3.3.20]). Let B; be the
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base group of the wreath product Aut(S;)!Sym(k;) and let B = G N Dirj-, B;.
As Ba G, B satisfies P(p, q). Then, the projections of B on the factors Aut(S;)
have P(p,q) as well (by Lemma 2) and, since they are almost simple groups, by
Proposition 1 they are ¢’-groups. Therefore B is a g’-group, too.

Let now R < G such that R/B = R(G/B). By inductive hypothesis, G/R is
a ¢’-group. It only remains to show that R/B is a ¢’-group. Observe that R/B
is a solvable group that acts as a permutation group on the simple factors S; of
Soc(G) and hence on the set of indices Q = |JI_, €%, where €; = {i1,..., i}
Then, by [5, Corollary 4] there exist two disjoint subsets I and A of {2 such that all
(distinct) prime divisors of |R/B| divide also |[R/B : Stabg,p(T') N Stabg,p(A)].
We fix r;,s; primes dividing |M;| such that r; # s; and r;,s; # p for all i =
1,...,n. We then choose ¢,,d, € S, such that |c,| = 7;, |dw| = s, if w € Q.
Write T'; = TN Q;, Ay = AN, and consider in S the element z = (2,)weq,
where z, = ¢; if w € Ty, 2, = d; if w € A; and z,, = 1 otherwise. By definition
of x, Cr(x)B/B < Stabg,g(I') NStabg,p(A) and hence it follows that all prime
divisors of |R/B| divide |z®|. But x is a p’-element and R4 G verifies P(p, q).
Hence (¢, |R/B|) = 1. |

4. Structure theorems

The structure of the groups that satisfy P(p,q) for p = ¢ is known:

THEOREM 4 (Camina [1]): P(p,p) holds in G for a prime p if and only if a
p-Sylow subgroup of G is a direct factor of G.

Proof: Let P be a p-Sylow subgroup of G and Z = Cg(P). Let € G and write
x = yz with y p-element, z p’-element and [y, z] = 1. By assumption there exists
u € G such that z € Cg(P"—l) = Z“_l, i.e. 2% € Z. Now, y* is a p-element and
y* € Cg(z*). Since P < Cg(2%), there exists v € Cg(2*) such that y** € P.
It follows that z*¥ = y¥“v2%¥ = y%Y2* € PZ. Then PZ intersects non-trivially
every conjugacy class of G and hence PZ = (G and P is a direct factor of G.
|

When the primes p and ¢ are different, the structure of the groups that satisfy
P(p, q) can be more complicated.

THEOREM 5: If the group G satisfies P(p,q), with p # g, then OP(G) is ¢-
nilpotent and G has abelian g-Sylow subgroups. In particular, 14(G) < 1.

Proof: Write H = G/O4(G) and let h be a p’—element of H. As P(p, ) holds
in H, h € Cy(O4(H)). By Corollary 1, we have that H is g-solvable and then
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CH(O4(H)) < Oy(H). Thus every p'-element in H belongs to Z(Oq(H)) and
hence H has a normal abelian ¢-Sylow subgroup and every element in H ~ O,(H)
has order divisible by p. Then H/O,(H) must be a p-group. |

COROLLARY 2: If, for p # q, P(p,q) holds in the group G and OP(G) = G, then
0,(G) < Z(G).

Proof: By Theorem 5, [04(G),G] < Oy (G)NOy(G) = 1. 1

On the other hand, P(p,q) is inherited by extension by central g-groups,
provided the ¢-Sylow subgroups remain abelian. By the way, observe that
Corollary 2 and Lemma 5 hold even if p = q.

LEMMA 5: Let G be a group with abelian q-Sylow subgroups and let Z be a
g-subgroup, Z < Z(G). If G/Z satisfy P(p,q) for p # q, then P(p,q) holds also
inG.

Proof: Let g be a p’-element of G and write g = Ty with z ¢’-element, y ¢-
element and [z,y] = 1. By assumption there exists a g-Sylow subgroup @ of G
such that [2,Q] < Z. So z acts trivially on Z and Q/Z and hence Q < Cg(x).
As y € Cg(z) and y is a g-element, there exists u € Cg(x) such that y € Q¥.
Since Q* is abelian, it follows that Q* < Ce(z) N Cg(y) = Calg). |

It is therefore meaningful to consider groups G such that O4(G) = 1. Moreover,
we observe that, by (iii) and (iv) in Lemma 2, when p # ¢, P(p,q) can control
only the section OP(G)/O,(G). In what follows we may hence consider groups
G such that O,(G) =1 and OP(G) =G.

Consequently, we give the following definition:

Definition 1: We say that a group G is a P(p, ¢)-group if:
(i) G has P(p,q) for distinct primes p, q;
(i1) ¢ divides | G |;
(ifi) Op(G) = 0,(G) =1, 07 (G) = G.

Remark 1: Observe that, by Theorem 3, a P(p, ¢)-group is solvable.

We next give a characterisation of the semilinear groups that satisfy P(p, g¢),
since they will turn out to be the “basic bricks” by which the groups with P(p, q)
are built.



106 S. DOLFI AND M. S. LUCIDO Isr. J. Math.

Definition 2: Let k,n, h be positive integers and r, p, ¢ distinct primes. Assume
that k = ¢" and (r9" —1)/(r?""" —1) = p*. Let H be the subgroup of GF(rk)*
of order p*. Define:

AT*(r*) = {( axd‘: ) ) :2,b€ GF(r¥),a € H,0 € Gal(GF(r*) /GF(Tk/q))},

AT (r%) = {( axaif-b ) :z,b€ GF(r¥),a € H}.

(Observe that |AT*(r*)| = r¥phq and |AT(r*)| = r¥ph.)

LEMMA 6: Let r,p,q be pairwise different primes. Let G be a subgroup of the
affine semilinear group AT'(r*), for some positive integer k. Assume A(r¥) < G
and (q,|G|) # 1. Then G satisfies P(p,q) if and only if:
(i) k= q™, with n a positive integer and q # 2;
(ii) the g-Sylow subgroups of G have order g;
(iii) for a suitable integer h
rd" —1
1

(iv) Al*(r*) < G.

Proof:  Assume that G satisfies P(p,q) and define V = A(r*) and Ty =
G NT(r*). By assumption, V < G and V is a p’-group. As Iy acts fixed point
freely on V', we have (g, [I'g]) = 1. It follows that g = [I'o, @] x Cr,(Q), where
by @ we denote a (fixed) g-Sylow subgroup of G such that Q < G NI'(r%).

By P(p,q), we have that for all £ € V, there exists g € G such that Q9 <
Cg(z). Since G = Cg(Q)[To, Q]V, we get

v= |J ov@y.

9€[l0,Q]

Suppose = € Cy(Q)9 N Cy(Q)% with g; € [0, Q], g1 # g2- Then < Q91,Q% >
< Cg(z) and hence Ce(z) N Ty # 1, s0 z = 1. It follows that

V|- 1= Lo, QII(ICV(Q)] - 1),

that is vl .
Vi—-1 r*—1
I[To, Q)] = ICv(Q)] - 1 = rm_ 1

with m = k/|Q| (we observe that (g, |VTp|) =1 and hence |Q| divides k).
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By Lemma 2(i), P(p, ¢) holds in the section [['g, Q]Q of G. Hence, as @) does not
commute with any nonidentity element of [['y, Q], we get (r’c -1)/™-1) = ph
for a suitable positive integer h. Note that, if ¢ = 2, then p* ZlQl 1(7"
even and hence p = ¢, a contradiction. So, ¢ # 2 and p is the (only) Zs1gmondy
prime divisor for 7% — 1.

Write now |@| = ¢”, v positive integer, and ¢t = r™. We have

P T L |

=0T 731"

with w a positive integer. It follows that (¢ —1)/(t — 1) = ph® with hg an
integer. By the Zsigmondy condition, we get hg = 0 and then |Q| = g.

Let now z be the g’-part of k, that is k¥ = z¢™ for a positive integer n and
(q,z) = 1. We have

pTm=1 k-1 (-1 T 1
p ,rqn—l _ 1 - an—l _ 1 - Irqnvl . 1 - T_qn—l _ ].u

with u a positive integer. Observe now that (r™ — 1,74 — 1) = r(m4") _ 1 =

-1 7 -1
n—1 bl n—1 = 1'
T~ 1 —1
Therefore, (r?" —1)/ (an-l —1) is a power of p and hence the Zsigmondy condition
forces k = ¢g". Observe finally that r*p"q divides |G| and that AT*(r*) is the
only subgroup of order r*p"q in the semilinear group AT'(r*). It follows that

AT*(r*¥) < G and one implication is now proved. The other is easily checked.
]

n—1
r?  — 1 and hence

Remark 2: In the notation of Lemma 6, the Zsigmondy condition implies that
g™ divides p — 1, as q™ is the multiplicative order of the rest class of r modulo p.
Further, (g,r9"" —1) = 1. In fact, writing t = 9", ph = L+t + 2+ -+ 91
and, if t = 1 (mod ¢), then p* = 0 (mod q), a contradiction.

Remark 3: Observe that the exponent n in Lemma 6 can be greater than 1. For
instance, 77" — 1/r7" " — 1 is a prime number for n = 2 and (r, q) = (2,3) or
(11,3).

The next result is the main step for understanding the structure of the P(p, q)-
groups.
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PROPOSITION 6: Let p,q be distinct primes and K be a solvable group such
that Oq'(K ) = K. Let W be a completely reducible and faithful K-module,
W = @, Vi, with V; irreducible K-modules, |V;| = rf" for suitable primes r;
and positive integers k;. Then, G = WK is a P(p, q)-group if and only if:
(i) ks = g™, r; # ¢ # 2 and (r¥ — 1)/(rf"/q —1)=ph, fori=1,...,n and
suitable nonnegative integers n;, h;;
(ii) up to isomorphisms,

Dirl_, AT3(rF) < G < M = Dir_ | AT*(r¥%)
and the projections of G on the factors of M are surjective.

Proof: We assume that G = WK is a P(p, q)-group and proceed by induction
on [G|.

Suppose W reducible and write W = W, @ Wa, where Wy = V; and W, =
@, Vi. Write K; = K/Cx(W;), G; = W;K;, i = 1,2. By induction, we have
(i) and

G = Al"*(rf‘)

and
Dirl_, AT(r¥) < G2 < Dirl, AT*(r})

with surjective projections on the factors of the direct product.

As G is a subdirect product of Gy and G4, to prove (ii) it is enough to show that
| Dir?_, AT%(rF)} divides |G|. Observe namely that Dir?_, AT%(r") is the only
subgroup of Dir}._, AI‘*(T:.“") of that order, since it is a normal ¢q -Hall subgroup
of Dir-_, AI‘*(rf"). Define I = {(v1,v2,...,vn)| v € V;,v; #1,i=1,...,n} and
let P and @ be resp. a p- and a ¢-Sylow subgroup of K. Hence, K = PQ and
P< K. Observe that, writing C1(Q) = Cw(Q) N I, by P(p,q) we have

I=Ja@ =@
geEK geP
and the union is disjoint. Namely, if v € Cp(Q)9 NC(Q)9 with g1,92 € P, g1 #
g2, then Cx (v) contains < @9, @92 > and hence it would follow that Cp(v) # 1.
But P is conjugate to a subgroup of Dirl_; T'4(V;), so every nonidentity element
of P acts without fixed points on I, a contradiction.
Therefore,

n

1| = [Je -1 = [Pllci(@)] = 1P| []¢F77 - v).
=1

=1
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Hence,
i

|D1r ATH(V; H k'/q = |W||P| divides |G].

We can hence assume that W is an irreducible and faithful K-module. We
have two cases:

W primitive: if W is a primitive K-module, the claim follows by [13, Theorem
10.4] and by Lemma 6.

W imprimitive: we shall conclude the proof by showing that this case cannot
occur. Let W be an imprimitive K-module and consider C' maximal among
the subgroups N4 K such that Wy is non-homogeneous. By [13, 9.2] and the
assumption O4(G) = 1, we have ¢ # 2 and then by [13, 9.3] we get

l.g=3andp=71;

2. Weg=Vi®eVo® - @ Vg, where the V; are the homogeneous components

of We and K/C ~ AT(23);

3. C/Cc(V;) is transitive on V; {1}, i=1,...,n.

Write |V;| = ™. By [13, 6.8], it follows that C/C¢(V;) is isomorphic to a
subgroup of the semilinear group I'(r™), unless ™ = 32,34 52,72 11%,232. But
if m is even then ¢ = 3 divides r™ — 1 (as O4(G) = 1, r # 3) and hence ¢ is a
divisor of |v®| and |v€| for any v € V;, v # 1, a contradiction.

Therefore, C/C¢(V;) is isomorphic to a subgroup of the semilinear group I'(r™)
and hence C, being isomorphic to a subgroup of a direct product of supersolvable
groups, is supersolvable.

Define now R = Oy, g3(K) = Oyp,3(C) and N/R = ®(K/R). Observe that
NC/C < ®(K/C) = C/C, that is N < C. Write K = K/N. The Fitting sub-
group F(K) of K has a complement T in K and F(K ) is a completely reducible
and faithful T-module. Further, (pg, |F(K)|) =1, 09 (T) =T and q divides |T|.
By induction, we have

Dirjey ATy(r??) < K < Dirjes AT*(r}?)

for a suitable set of indices J and suitable positive integers b; > 3 and primes
rj. Write now C = C/N. Recalling that K/C ~ AL'(2%) = AI*(2%), there
must exist a j € J such that r?f = 2% and C > Dirjey, j£; AFS(T?j). But C is
supersolvable, while AI‘S(T?) is not (b; > 1). It follows that J = {j}, that is
C = N and then |C| = 2%p°¢f for suitable integers d,e, f. On the other hand,
C is transitive on V; ~{1}, ¢ = 1,...,8, and hence for every 1 # v € V; we have
that |C : Co(V;)| = r™ — 1 divides [vY|. Therefore, by P(p,q), (¢,7™ —1) =1
and then r™ — 1 = 2%p®, for suitable integers a,b. But, as m is odd, ¥™ — 1 has
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a Zsigmondy prime divisor and then such a prime has to be p = 7. Hence, m
divides 6 and it follows that m = 3.

Therefore, 3 — 1 = 2°7%. We claim that this is possible only if & = 0. Namely,
assume a > 0: then r is odd and from the factorization 3~ 1 = (r - 1)(r2+r+1)
it follows that r2+r+1 = 7° and r — 1 = 2% Hence r is a Fermat prime
and ¢ = 2 with « a suitable nonnegative integer. If o is even, say a = 28,
we have a = 4% = 1 (mod3) and then, for a suitable nonnegative integer v,
r=2+1=2(2%)7"+1=2(1")+1=3 (mod7). It follows that 7° =9+3+1=
—1 (mod7), a contradiction. If « is odd, we have a = 2(2)*7! = 2 (mod3)
and hence, for a suitable v, r = 2372 4+ 1 = 22237 + 1 = 5 (mod7). We get
7 =72+ 7 +1=3 (mod7), a contradiction. Hence, we have proved a = 0.

Therefore, 7™ — 1 = p® and by [13, Proposition 3.1] it follows that r = 2 and
m=3J.

Hence, G is isomorphic (as a permutation group) to a subgroup of the wreath
product AT'(23)? AT'(23). To see that, consider the action of G on the set U?=1 Vi
and identify the V; with {(v,4): v € V}, where V is an elementary abelian
group of order 8 and ¢ = 1,...,8. Let H = Stabg(V;) and let {t1,t2,...,ts}
be a right transversal of H in G. Observe that G operates on 2 = {1,2,...,8}
by the action on the right cosets of H in G and the kernel of this action is
Hg = C. Recalling that G/C ~ AT'(2%), we denote by m: G — AT'(2%) the
corresponding epimorphism. Recall also that CCq(V1)/Ca(V1) =~ C/Co(Vh) is
isomorphic to a subgroup of I'(23) and it is transitive on V; N{1}, so H/Cg(V})
has a normal cyclic subgroup that acts irreducibly on V7. Hence, by [13, Theorem
2.1}, H = H/Cg(V1) is isomorphic, as a permutation group, to a subgroup of
I'(2%) and then we can embed the semidirect product ViH in AT'(2%). Since
ViH is an epimorphic image of H, by composition we have a homomorphism
é: H — AT(2%).

Define 1: G — AT(23) 1 AT(23) by %(g9) = ((91,92,---,9s), 7(g)), where g; =
¢(t,»gti_7rl(g)) € Ar(2%), i = 1,...,8, and where, by numbering the elements of
GF(23), we see that n(g) € A['(23) as a permutation on 2 = {1,2,...,8}. It
is easy to check that ¢ is a homomorphism. Furthermore, ¢ is injective, as
kerm = C and C acts faithfullyon W=V, o Vo & .- - & V5.

We can hence identify G with a subgroup of the group G* = AI'(2%) : AT'(23).
We finish the proof by showing that there exists a 2-element ¢ € G such that
(3,Co-(9)]) = 1.

We can assume, up to conjugation in G*, that G contains the subgroup S =
A(23) 1 A(23). Namely, S is a 2-Sylow subgroup of G* and |G|y = |G*|2. Fix an
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element u € A(2%), u # 1 (We are going to use multiplicative notation in A(2%)).
By suitable numbering of the elements in GF(2%), we can assume that 1,2,3,4
are a system of representatives for the orbits of u on €2 = {1,...,8}. Consider
the element g = ((v;)8_,, u) € S where vy = vy = v, for a fixed v € A(23), v # 1,
and v; =1for j=3,...,8.

Consider an element h € Cg+«(g) of order 3 and write h = ((wizi)%_,, t),
where w; € A(23), z; € T'(23), t € AT'(2%). Hence, in particular, ¢ is of order
3. From now on, we shall write for short h = (w;z;, t), showing only the -th
component in the base group, and the same for the other elements in G*. We have
~1 tut~1). Since g = hgh~!, it follows that [u,#] = 1 and

hgh~1 = (wzz,vuz ww, :
v = wivy, (wm )Z'“zi zz;,'. Observing that w;v); (wz_ul)""“z'_1 € A(2%) and

ziz b € T'(2%), we get 2; = Zi, and, recalling that A(23) is an elem?ntary abelian

Z
2-group, v; = v;} W;Wsy, for all 4 € Q. Therefore, we have v;v n = w;w;, for

all ¢ €  and, writing that relation for j = iu, we get also U,uvmt = Wi Wiz =
w;Wey. Hence, recalling that z; = 2;,, we get the relation

R) Vit = (VigVita) ™

which holds for all ¢ € Q. Observe that, since ¢t and u commute, ¢ acts on the set
{1<%>,...,4<%>} of the < u >-orbits on . Since |¢| = 3, ¢ fixes one of them and
cyclically permutes the others. We can hence assume that 1<%~ is not stabilized
by t. Writing (R) for i = 1, 1¢, we get vjv1, = (vuvltu)zfl = (vuwltzu)zftlzfl.
Since the < u >-orbits 1<¥> (1¢)<%> (1t?)<%> are pairwise distinct, at least
one among (1¢£)<*> and (1#2)<*> is not 2<%>. Therefore, we get v1;v14, = 1
or vy2U142,, = 1 by the choice of the v;. It then follows that vivy, = v =1, a
contradiction.

We have hence shown that the 2-element ¢ € G is not centralized by any 3-
element of G* and then of G. Therefore, we have ruled out the case of imprimitive
action of K on the module W and the proof of the necessity of conditions (i) and
(ii) is complete.

Conversely, assuming (i) and (ii) we have G4 M and, observing that r; # p
for all i, by Lemma 6 and Lemma 2, G is a P(p,q)-group. Further, ¢ divides
|G|, as the projections of G on the factors of G are surjective, and also OP(G) =
0%'(G) = G. Hence, G is a P(p, q)-group. |

Before stating the consequences of Proposition 6, it is convenient to fix some
notation:

Definition 3: A group G is said to be a group of type (), q), where p,q are
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distinct prime numbers, if there exist positive integers k;, h; and primes r; # p, ¢
such that the conditions (i) and (ii) of Proposition 6 hold for G/®(G).

COROLLARY 3: Let G be a group that satisfies P(p,q) for p # q and let H =
0%'(G). Then Oy(G) < Z(H) and O¢p,q} (H) is g-nilpotent with abelian q-Sylow
subgroups. Further, H/Oyp ,1(H) Is either a group of type (¥)pq) or 1. In
particular, if G is a P(p, q)-group then G is a group of type (*)(p,q)-

Proof: By Corollary 2, we have O4(G) = O4(H) < Z(H). Using the same
argument, we have that Oy(H/Op(H)) = Oy 3 (H/Op(H)) so O, 3 (H) is ¢-
nilpotent with abelian g-Sylow subgroups. Suppose Gy = H/Op q(H) # 1
and let G = Go/®(Gy). Then F(G) has a complement K in G and F(G) is a
completely reducible and faithful K-module. Since F(G) = F(Go)/®(Gy), we
have O (G) = 04(G) = 1. Clearly, 0 (G) = G and hence G is a P(p, g)-group.
Thus, the assertion follows by Proposition 6. n

COROLLARY 4: If, for p # q, P(p,q) holds in G, then the p-Sylow subgroups of
0% (G/0,(G)) are abelian. In particular, lp(O‘I'(G)) <2

Proof:  Observe first that 09 (G/0,(G)) is isomorphic to a subgroup of T =
07'(G)/0,(0%'(G)). By Corollary 3, T/O,(T) is either 1 or a group of type
(*)(p,q) and hence T' has abelian p-Sylow subgroups. In particular, if we denote
by R the pre-image in G of 07 (G/0,(G)), we have 0% (G) < R and hence
LOT@G)<2.

If P(p, q) holds for p # ¢ in a non-trivial way in a group G, then the primes p
and ¢ have to satisfy some conditions:

COROLLARY 5: If G has P(p,q) for distinct primes p,q and OP(G/O,(G)) does
not have a central ¢-Sylow subgroup, then:

(1) ¢ #2 and ¢ dividesp — 1;

(ii) there exist positive integers r,n, h, with r a prime, such that

ph= (" - 1)/ - 1),

Proof:  Observe that ¢ divides |0?' (G) : O} (07'(@))|. Otherwise since, by
Corollary 3, O(p.q} (07'(G)) is g-nilpotent, G/O,(G) has a normal ¢-Sylow sub-
group and then, by Corollary 2, OP(G/O,(G)) has a central ¢-Sylow subgroup.
Hence, 07'(G)/ O(p,q3 (07 (@) is a P(p, q)-group and the claim follows by Corol-
lary 3. |
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We now give two examples to show that nothing can be said about the top
section G/ 0%'(G) and the derived length of the Frattini subgroup ®(G) of a
P(p,q)-group G. In fact G/Oq’(G) can be isomorphic to any g¢’-group, as we
show in the following example.

Example 1: Let p, q, r be pairwise different primes such that there exists an
affine semilinear group AT*(r¥) that satisfies P(p, q), and let H be a ¢'-subgroup
of Sym(n), with n a positive integer. Then there exists a group G such that G
satisfies P(p,q) and G/OY' (G) = H.

Proof: Let L = AT*(r*) and N = AT¢(r*), where AT*(r*) satisfies P(p, q) (see
Lemma 6). Let L™ be the n-fold direct power of L and define the subgroup L,
by

L,={(,...,ln) e L™l =---=1, modN}.

Equivalently, set diag L™ = {(l,...,l) € L™: | € L} and L,, = N*diag L™. It is
easy to see that the {p, r}-Hall subgroup of L,, is N™ and that L,/N™ = L/N has
order q. By the definition of L,,, we know that L, is Sym(n)-invariant. Therefore
we have an induced action of H on L,,, that is if (1, 22,...,2,) isin L, and ¢ is
in H, then (z1,22,...,24)? = (10, %26 -- ., Tne) 18 in L,,. We define G = L, H
and we prove that G satisfies P(p,q). Let g = (@, o) be a p'-element of G, where
a = (a1,61,.-.,a,) is in L,. Since a g-Sylow subgroup of G has order g, it is
enough to find a ¢g-element (¢, 1) # 1 of L, that centralizes ¢ and this happens if
and only if e = I g divides |g|, then the statement is proved. We can now
suppose that g is a ¢'-element and therefore it belongs to a {p, ¢}'-Hall subgroup
of L,, < o >. We can therefore suppose that a; is an r-element, for 1 = 1,2,...,n.
If o=t = (mymg - -my Y (my 41+ miy) -+~ (mi,_ 41+ -my, ), we define

b1 =am1am2---amil, bz:ami1+1"'ami2, ey bs =amis_1+1--'amis.

Since by is an r-element of AT*(r*), there exists a g-element c,,,, such that i =
Cm,- We define

Am, AmqGmoQm
c _ caml c _ cam2 - camlam2 c —¢ ™iy—-1 __ mypSm2 mi;—1
me — bmy mg — “maz — “my v ety bmyy T MMy 1 T by

1

If we do the same with the other cycles composing o, we can define ¢ =

(c1y...,¢n) and then o= by construction.

Example 2: Let r,p, g be pairwise different primes and h a positive integer such
that (r¢—1)/(r —1) = p". Then, following the construction given by I. M. Isaacs
in (8, Section 4], we can build a group G such that G/®(G) ~ AT*(r?) and



114 S. DOLFT AND M. S. LUCIDO Isr. J. Math.

dl(F(G)) > logy(g—1). Further, each element in F(G) is centralized by a ¢-Sylow
subgroup of G (see proof of Theorem 4.9 in [8]; observe also that the condition
g > r is replaced here by our assumption ¢ # r and (r?—1)/(r —1) = p"). Hence
G is a P(p,q)-group. Then, taking for example (r,q,p, h) = (3,5,11,2), we get
dI(F(G)) = 3 and choosing (r, ¢, p, h) = (5,11,12207031, 1), we get dl(F(G)) = 4.

Although we were not able to prove that there exist quadruples (r, g, p, h) for
arbitrarily large ¢, there is some ‘experimental’ evidence to believe that this
should be the case.
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