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ABSTRACT 

If G is a finite group in which every element of p ' -order  centralizes a q- 

Sylow subgroup of G, where p and q are distinct primes, it is shown that  
_ q l  _ Oq'(G) is solvable, lq(G) < 1 and lp(O (G)) < 2. Further,  the s t ructure  

of G is determined to some extent. 

1. I n t r o d u c t i o n  

Let p, q be prime numbers and G be a finite group. We call an element of G a 

p ' - e l e m e n t  if its order is not divisible by p and a conjugacy class of G a p '-class 

if it consists of p'-elements of G. 

We say that G has the property P(p,q) if every p'-element of G centralizes 

a q-Sylow subgroup of G. Equivalently, G has P(p, q) if the prime q does not 

divide the length of any p'-class of G. 
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If p = q the property P(p, q) holds if and only if G has a q-Sylow subgroup as 

a direct factor [1, Lemma 1]. (Observe that, as one can easily prove, the prime 

q does not divide the length of any conjugacy class of G if and only if G has a 

central q-Sylow subgroup.) 

In this paper we prove that, i fp  ~ q and G has P(p, q) then: 

(a) OP(G) has a normal q-complement and abelian q-Sylow subgroups 

(Theorem 5). In particular, lq(G) < 1. 
(b) oq'(G) is solvable (Theorem 3: it uses, via Proposition 1, the Classification 

of Finite Simple Groups). 

Write -G = 0 q' (G/Op(G)), then: 

(c) G has abelian p-Sylow subgroups (Corollary 4). In particular, Ip(Oq'(G)) < 
2. 

(d) We determine the structure of G/O(G): it is, up to factoring out central 

q-subgroups, either 1 or a subdirect product of suitable affine semilinear 

groups (Corollary 3 to Proposition 6). Further, we get some conditions on 

the primes p and q (Corollary 5). 

Finally, Examples 1 and 2 show that it is not possible to control either the top 
�9 t 

sectlon G/O q (G) or the derived length of the Frattini subgroup O(G) in a group 

G that satisfies P(p, q). 
With a view to comparing conditions on lengths of conjugacy classes and 

character degrees (see [6, w167 we recall that a group G has the property 

BP(p, q) if every irreducible p-Brauer character of G has q ~-degree. It is proved 
in [12, Theorem 2.6] that if BP(p, q) holds in G for p ~ q and G is p-solvable, 

then: 
(a) lq(G) ___ 2 and the Sylow q-subgroups of G are metabelian; 

(b) oq'(G) is solvable; 
(c) lp(Oq'(G)) _< 2 if (p,q) ~ (7,3) and lp(Oq'(G)) ___ 3 in all cases. 

We finally recall that BP(p, p) holds in G if and only if G has a normal p-Sylow 

subgroup (see Theorem 2.33 of [15] for p = 2 and [14] for p odd). 

2. Pre l iminar ie s  

We denote by gr the conjugacy class of the element g in G and by [gC I its length. 

We start with an easy remark: 

LEMMA 1: Let N be a normal subgroup of G. Then: 
(i) if g C N, [ gN [ divides [ gC [; 

(ii) if g �9 G, I (Ng)a/g [ divides I g C I. 

We collect some further observations in the following: 
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LEMMA 2: 

(i) P(p, q) is inherited by normal subgroups, factor groups and hence by 

subnormal sections; 

(ii) P(p, q) holds in G = G1 • G2 x . . .  • Gn if  and only if  it holds in Gi for 

i -- 1, 2 , . . . ,  n; in particular P(p, q) is inherited by direct product with q'- 

groups, that is if  G has P(p, q)and N is a qt-group, then G • N has P(p, q) 

as well. 

/ f  we assume p ~ q, then we have: 

(iii) P(p, q) is inherited by extensions by p-groups, that is if  G has P(p, q), N 

is a p-group and E is a group such that N_~ E and E / N  ~- G, then E has 

P(p, q) as well; 

(iv) if  OP(G) satisfies P(p, q), then also G does. 

Proof  (i) and (ii) follow immediately by Lelnma 1. Consider now a p'-element x 

of E.  By hypothesis, there exists a q-Sylow subgroup Q of E such that Q N / N  < 

CE/N(< x N  >). Hence Q acts on K = <  x > N and C K ( Q ) N / N  = CK/N(Q) = 

K / N .  But K is p-solvable, thus CK(Q) contains a p '-Hall  subgroup H of K and 

there exists k C K such that H k = <  x >. It follows that  Qk < CE(X) and (iii) 

is proved. To prove (iv), observe that a p'-element of G is in OP(G) and that G 

and OP(G) have the same q-Sylow subgroups. I 

Let r be a prime, k a positive integer and K = GF(rk) .  We will use the 

following notation for subgroups of the semilinear group: 

ax a + b : x, a, b c K,  a r 0, a E Ga l (K /GF(r  , 

ax + b : x ,a,  b E K, a r O , 

= : x, a C K, a r O, a E Ga l (K /GF(r  
a x  a 

= :x ,  a C K ,  a r  , 
gx  

x + b  :x ,  b E K  . 

Finally, in the following "group" will always mean "finite group". 
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3. Solubi l i ty  of  Oq' (G) 

In this section we want to prove that if the group G satisfies P(p, q), then oq'(G) 
is solvable. To do this, we first consider ahnost simple groups. G is an a lmos t  

s imple  group if there exists a non-abelian simple group S such that S _< G < 
Aut(S), where Aut(S) is the automorphism group of S. We prove that an almost 

simple group can satisfy P(p, q) just in the trivial case (q, IGt) --- 1. 

PROPOSITION 1: If  G is an almost simple group, G satisfies P(p, q) if and only 
if  (q, Ia[) = 1. 

We first prove the same property for finite simple non-abelian groups. 

PROPOSITION 2: Let G be a finite simple non-abelian group. Then G has P(p, q) 

if and only if(q, [G D = 1. 

Observe that we can assume that p divides [G[, since for p~-groups P(p, q) 
amounts to having a central q-Sylow subgroup (see for example [6, Theorem 5~]). 

We can also assume p r q, since otherwise G has a normal p-Sylow subgroup 

(Theorem 4). 

We recall the definition of the p r i m e  g r a p h  F(G) for a finite group G. The 

set of vertices of F(G) is the set 7r(G) of primes dividing the order of G and two 

vertices p, q are joined by an edge if there is an element in G of order pq. 
We denote the set of all the connected components of the graph F(G) by 

{ri(G), for i = 1, 2 , . . . ,  n(G)} and, if the order of G is even, we denote by 7rl(G) 

the component containing 2. 

We can now prove the following easy lemma: 

LEMMA 3: Let G be a group such that n(G) >_ 3; then G does not satisfy P(p, q). 

Proof: Let Irl(G), ~r2(G) and 7r3(G) be three distinct connected components of 

F(G). Let p,q be two distinct primes in It(G); then p E lri(G), q E ~rj(G), with 

i , j  E {1, 2, 3} not necessarily distinct. By our hypothesis, there exists a prime 

s C irk(G), with i r k r j .  Let x be an s-element of G; then x is a p'-element 

and q does not divide [Cc(x)[. Therefore G does not satisfy P(p, q). | 

We use the Classification of Finite Simple Groups to prove Proposition 2. 

SPORADIC GRouPs. We can apply Lemma 3 to the following sporadic groups: 

Mll ,  M22, M23, M24, J1, J3, J4, HS, Sz, O'N, Ly, C02, F23, F24, F, F2, F3. In 
fact, from [18], we know that for these groups G we have n(G) > 3. 

For the remaining sporadic groups G, we have that n(G) -- 2, 7r2(G) = {t}, 

t _> 7 and a t-Sylow subgroup of G is cyclic of order t. If p r t and q r t, then 
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there exists a t-element (and therefore a p '-element) x such tha t  q does not  divide 

ICa(x)I. I f p  r t and q = t, we can choose any {p,q}'-element x and again q 

does not divide ICc(x)l. If  now p = t, then in all the groups we are considering 

there exists an element x of order 6 such tha t  Ca(x) does not  contain a q-Sylow 

subgroup of G, for any prime q dividing IGI. Therefore if G is a sporadic group 

and q divides IGI, then G does not  satisfy P(p, q). 

ALTERNATING GRouPs .  To any element a of the symmetr ic  group S~, there is 

associated a par t i t ion of the integer n: 

h 

a l  ~ ( h i ,  n 2  . . . .  ,nh), E n i = n .  
i = 1  

Moreover, we can order the numbers  ni such tha t  

n l  -~- f t2  ~ " ' "  m r t h l  ) n h ~ + l  ~ " ' "  ~--- ?'tht+h2 )> "''~t'h, 
t 

h = E h i -  
i----1 

In this case we then have ([9, ex. 3, p. 78]) 

t h 

Icso = I I  h,! 1-[ n j  
i = 1  j ~ l  

Here are some examples tha t  will be useful later. 

c~ ~ (n) ~ ICs.(a)l = n and [CA.(a)l = n, i f a  e A~; 

a ~-~ (1 ,n  - 1) ~ ICs.(a)l = n - 1 and ICA~(er)t = n - 1, if or �9 An; 
~ (1, 1 ,n  - 2) ~ [Cs.(a)[ = 2(n - 2) and I C A o ( ~ ) I  = ~ - 2 ,  i f a  �9 A,~; 

~ ( 2 , n  - 2)  ~ I C s n ( ~ ) l  = 2 ( ~  - 2 )  a n d  I C n n ( ~ ) l  = n --  2 ,  i f a  �9 An. 

We s tudy now the groups A~. By Lemma 3, we can suppose tha t  n > 8. We 

denote by In[q the maximal  power of q dividing n. Let Q be a q-Sylow subgroup 

of A~; then IQI = [n!/2lq. 
First we suppose tha t  n is odd. If  q = n and a is an element of order q, then 

ICA,~(a)I = q. Therefore, since I~r(A,~)l > 3, for any prime p �9 ~r(A,~), p r q, 

there exists a p t -e lement  x such tha t  q does not  divide ICa(x)l. 
We can therefore suppose q < n. We suppose now tha t  p does not  divide n. 

Then,  since q < n, we have In!lq > Inlq and, moreover, [n!/21q > Inlq, since we 

are supposing n > 8. 

Let x be the permuta t ion  ( 1 , 2 , . . . , n ) ,  then x is a p~-element in An and 

IC.4,,(x)l = n. Since [nlq < I q l ,  a q-Sylow subgroup Qg cannot  be contained 

in CA,. (x). 
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We now suppose tha t  p divides n. Then  p is an odd prime not dividing (n - 2). 

I f  q = n - 2 and a is a q-element, then ICA~(a)I = n - 2, and we can conclude 

with an argument  similar to the one used in the case q = n. Therefore we suppose 

tha t  q < (n - 2). Since n ~ 8, n - 2 > 6 and then again 

(**) In--2Iq< ~ q ~  ~ q-----IQI. 

Let x be the permuta t ion  (1, 2 , . . . ,  n - 2); then x is a pr -e lement  in A,~ whose 

centralizer in A,, has order n - 2. Then,  by (**), a q-Sylow subgroup Q9 cannot  

be contained in CA, (x). 

If  n is even, we can conclude in a similar way. 

FINITE GROUPS OF LIE TYPE. We can now suppose that  G is a finite simple 

group of Lie type defined over a field GF(t)  of order t = rk, for some prime r. 

First we suppose p ~ r. I f  q = r, the unipotent  subgroup U of G is a q-Sylow 

subgroup of G. Since Ca(U) = Z(U), any {p,q}'-element cannot  centralize a 

q-Sylow subgroup and therefore P(p, q) does not hold in G in this case. We can 

therefore suppose q r r. We recall tha t  x is a semisimple element if and only if 

x is an r ~-element. By Proposi t ion 5.1.7 of [2], G contains an unipotent  regular 

element u, tha t  is a regular t - (and  therefore p ~)-element. Then, by Proposi t ion 

5.1.5 of  [2], C -- Cc(u) does not contain semisimple elements. We can conclude 

that  q does not divide IC] for any q E r ( G )  \ { r } .  

We suppose now tha t  p = r; then a p ' -e lement  is a semisimple element. I f  

q and s are distinct primes, bo th  different from p, and if y is a q-element tha t  

centralizes an s-element x, then xy is a {q, s}-element and therefore a semisimple 

element. Since every semisimple element is contained in a maximal  torus, there 

exists a maximal  torus containing xy. Then for any q r p, we are looking for a 

prime s ~ p such that  qs does not divide the order of any maximal  torus of  G. We 

have to do a case-by-case analysis. We recall that ,  for any i > 2, the connected 

component  ~ri(G) is the set of primes tha t  divide [T~I, for some maximal  torus 

Ti. If  n(G) >_ 3, by Lemma 3, G does not satisfy P(p, q). We now suppose tha t  

n(G)  = 2; therefore p E r l ( G )  and I~rl(G)l ~ 2 (see [18] and [10]). If  q E 7r2(G), 

we choose a prime s such tha t  p ~ s E ~rl(G). If  q E ~rl (G), we choose a prime s 

such tha t  p ~ s E r2(G).  In bo th  cases, it is now clear tha t  for any element x of  

order s, the prime q does not divide ICG (x) I. Therefore in any finite simple group 

of Lie type such tha t  its prime graph is not connected and for any q dividing IGI, 

we can find a pr-element such tha t  Ca(x) does not contain a q-Sylow subgroup. 

The s ta tement  of Proposi t ion 2 is therefore proved in these cases. 
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I t  is therefore sufficient to examine the groups S of Lie type such tha t  the 

prime graph of S is connected. From [18] and [10], we know tha t  these are some 

classical groups and the exceptional groups ET(t).  

We now quote a technical lemma, due to Zsigmondy. 

LEMMA 4 (Zsigmondy): (i) Let  r, k be two posi t ive integers, with k >_ 3: then 

there exists  a "primitive divisor" o f  r k - -  1, tha t  is a pr ime s dividing r k - -  1 and 

not  dividing r 3 - 1, for any j = 1 , . . . ,  k - 1, except  in the cases r = 2 and k = 6. 

(ii) Let  r, k be two posi t ive integers, (r, k) r (2, 3); then there exists  a "primi- 

tive divisor" of  r k + 1, tha t  is a prime s dividing r k + 1 and not  dividing r 2j - 1, 

for any j = 1 . . . .  , k -  1. 

Proof: (i) This is exactly the Zsigmondy Theorem [19]. 

(ii) We apply (i) to r ~k - 1 and find a primitive divisor s. Since s cannot  divide 

r k - -  1, then s must  divide r k q- 1. | 

Before beginning with a case-by-case analysis, we make some general remarks. 

The orders of the finite groups of Lie type can be found in [2]. The orders of 

the maximal  tori of finite groups of Lie type are known: for the classical groups 

and for ET(t),  they can be deduced from [3]. We denote by Inl~ the ~r-part of 

the integer n, where zr is a set of primes. If  T = <  x > is a cyclic maximal  torus, 

then ICa(x)lp, = ITI; otherwise there would be an element y of order Ixlm, with 

(re, p) = 1. But  Ixlm cannot  divide the order of any maximal  torus in the cases 

we consider. 

At( t )  ~ PSLt+I( t ) .  The orders of maximal  tori are 

1-I k r'~ 1) i=1\~ - -  

( t-1)( l  + l , t - 1 )  ( r l , . . . , r k )  E Par(l + l) .  

Let x be a Singer cycle of G (see [7, Satz II.7.3]). Then  

I x l = ( t  t + l - 1 ) / ( t - 1 ) ( / + l , t - 1 )  and C = C a ( x ) = < x > .  

If  C does not  contain a q-Sylow subgroup, then x is the p '-element we are looking 

for. I f  a q-Sylow subgroup Q is contained in C, then q is coprime with t - 1. In 

fact if q divides t - 1, then 

[Q[ = [(t t+l  - 1 ) / ( t -  1 ) ( / +  1 , t -  1)lq < It t+~ - l lq < [GIq, 

against the hypothesis  tha t  Q is a q-Sylow subgroup of G. Therefore (q, t t -  1) = 1, 

because (t t+l - 1, t t - 1) = (t - 1). Let s be a primitive divisor of t t - 1. I f  qs 
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divides the order of a maximal  torus T, then by our choice of s, t l - 1 should 

divide ITI. Therefore the only possibility for the order of T is (t I - 1 ) / ( / +  1, t -  1). 

But  q is coprime with t I - 1, and therefore q cannot  divide ITI. 

If  G = A6(2), A:(t) or A2(t), we cannot  apply Lemma 4 in the preceding 

argument.  But  in these cases we have tha t  n(G) > 2 (see [18] and [10]) and we 

conclude by the remark preceding Lemma 4. 

Bl(t) TM Pft21+l(t) .  The order of a maximal  torus T is of the type 

k . r i  Fli=:(  - 1) + 1) 
(2, t - I) (r: , . . . ,  rk, s : , . . . ,  sin) E Par(Z). 

By [11], there is a cyclic torus T = <  x > of order (t l + 1)/(2, t - 1) such tha t  

[Ca(x)lp, -- IT[ (by the remark preceding the case-by-case analysis). I f  C = 

Ca(x) does not contain a q-Sylow subgroup, then x is the p%lemen t  we are 

looking for. I f  a q-Sylow subgroup Q is contained in C, then q is odd. Therefore 

(q, t I - 1) = 1, because (t I + 1, t I - 1) = (2, t - 1). Let s be a primitive divisor 

of t I - 1. I f  qs divides the order of a maximal  torus T1, then by our choice of  

s, t I - 1 should divide IT1 [. Therefore the only possibility for the order of  T1 is 

(t I - 1)/(2, t - 1). But  q is coprime with t I - 1, and therefore q cannot  divide 

FTll. 
I f / =  2 or G = B6(2), we cannot  apply Lemma 4. But  i f G  = B2(t), then F(G) 

is not  connected (see [18] and [10]). If  G = B6(2) we can apply the preceding 

argument ,  except in the case in which the order of a q-Sylow subgroup divides 

26 q- 1 = 5 �9 13, tha t  is q = 13. In this case we choose s = 31 = 25 - 1 and again 

qs cannot  divide the order of any maximal  torus of G. 

Dl(t) ~ P~21(t).  We can suppose tha t  G r D4(2),D6(2), because in these 

cases r ( a )  is not  connected (see [18] and [10]). The order of  a maximal  torus T 

is of the type 

k .ri 1 m 1-Ii=:(~ - ) l -I j=l(  tsj + 1) 
(4, t I - 1) ( r l , . . . ,  rk, Si , . . . ,  Sin) E Par(1), m even. 

By [11], there is an element x of order (t l -  1+ 1)/d. The maximal  tori T containing 

this element must  be of order (t 1-1 + 1)(t + 1)/d and therefore [Ca(x)[p, = IT[. 

If  C = Ca(x) does not contain a q-Sylow subgroup, then x is the pt-element we 

are looking for. If  a q-Sylow subgroup Q is contained in C, then q is coprime 

with t 2 - 1. In fact q is certainly odd and (t I-1 + 1,t  1-1 - 1) = (2,t  - 1) implies 

tha t  if q divides t 2 - 1, then it divides t + 1. But  then 

IQ[ = ]Clq = ](t l - :  + 1)(t + 1)/dlq < IGIq 
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against  the hypothesis  t ha t  Q is a q-Sylow subgroup of G. Therefore  (q, t l -  1) = 1, 

because (t t-~ + 1, t I - 1) _< (t 2q- l )  - 1 , t  I - 1) = (t (2'0 - 1). Let  s be a pr imit ive 

divisor of t I - 1. If  qs divides the order of a max ima l  torus  T1, then  by our choice 

of s, t l - 1 should divide ITll. Therefore the only possibil i ty for the order of T1 

is (t I - 1)/d. But  q is coprime with t I - 1, and therefore q cannot  divide ITll. 

ET(t). The  order of the max ima l  tori  of ET(t) can be found in [3]. In  par t icular  

there exists a max ima l  torus  of order t 7 + 1 (see Tables 3 and 10 of [3]). By 

[17] there  exists an element x of order (t s - 1 ) / ( t  - 1), generat ing a max ima l  

torus r and  such t ha t  ITI = ICc(x)Ip,. I f  C = Ca(x)  does not  contain a q-Sylow 

subgroup,  then x is the p~-element we are looking for. I f  a q-Sylow subgroup Q 

is contained in C, then  q is coprime with  t 2 - 1. In  fact, if q divides t 2 - 1, then 

IQ I  = ICl~ = I ( t  s - 1 ) / ( t -  1)1. < l a ] ~  

against  the hypothesis  tha t  Q is a q-Sylow subgroup of G. Therefore  (q, t z + 1) -- 

1, because (t s - 1, t 7 + 1) < (t 2 - 1). Let  s be a pr imit ive divisor of t 7 + 1. If  qs 
divides the order of a max ima l  torus T1, then  by our choice of s, t 7 ~- 1 should 

divide [T~ I. Therefore  the only possibili ty for the order of T1 is (t 7 + 1). But  q is 

copr ime with  t 7 + 1, and therefore q cannot  divide 1Tll. 

2At(t) ~- PSUt+l ( t ) .  We can suppose tha t  G r 2A5(2), 2A6(2) and 2A2(t), 
because in these cases n (G)  > 2 (see [18] and [10]). The  orders of the max ima l  

tori  are 

k "~'i 1-[i=1(~ - 1) 1-I~=l(t sj + 1) 

( t +  1 ) ( t +  1 , / +  1) 
( r l , . . . , r k ,  s l , . . . , s m )  C P a r ( / +  1), ri even, sj  odd. 

By [11], there is an element x of order (t I+1 + 1 ) / ( / +  1,t  + 1)(t + 1) i f / i s  even 

and of order (t z + 1 ) / ( / +  1, t + 1)(t + 1) if I is odd. The  order of a max ima l  torus 

containing x is respect ively 1TI = Ixl if l is even, IT1 = (t t + 1 ) / ( / +  1, t + 1) if 

1 is odd. In bo th  cases, however, [Cc(x)]p, = ]TI by the r emark  preceding the 

case-by-case analysis. I f  C = Co(x) does not contain a q-Sylow subgroup,  then 

x is the p ' -e lement  we are looking for. If  a q-Sylow subgroup Q is contained 

in C, then  using an a rgument  similar to the one used in the case Dl(t) we can 

prove respectively tha t  (q, t  ~ - 1) = 1 if l is even and (q,t  t+l - 1) = 1 if 1 is 

odd. Let  s be  a pr imit ive  divisor of t I - 1 if 1 is even, and of t l+1 - 1 if l is 

odd. I f  qs divides the order of a max ima l  torus T1, then  by our choice of s, 

(t t - 1 ) / ( / +  1, t  + 1)(t + 1) (resp. (t ~+1 - 1 ) / ( / +  1, t  + 1)(t + 1)) should divide 

ITll. Therefore  the only possibili ty for the order of T1 is (t t - 1 ) / ( / +  1, t + 1) if 1 
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is even and (t l+l - 1)/(l  + 1, t + 1)(t + 1) if I is odd. But in both cases q cannot 

divide ITll. 

2Dl(t) ~ P~t21(t). We can suppose that  G r 2D4(2), because in this case 

n(G) > 2 (see [10]). The orders of the maximal tori are 

k [L=l(t  r~ - 1) l-]~_l(tsJ + 1) 
(4, t I + 1) ( r l , . . . ,  rk, s l , . . . ,  s , J  E Par(l), m odd. 

By [11], there is an element x of order (t I + 1)/(2, t + 1) such that  < x > =  T for 

a maximal torus T and therefore ICc(x)]p, = IT] by the remark preceding the 

case-by-case analysis. If  C = Cc  (x) does not contain a q-Sylow subgroup, then 

x is the p'-element we are looking for. If a q-Sylow subgroup Q is contained in 

C, then q is coprime with t 2 - 1, and therefore with (q, (t t-1 + 1)(t - 1)) = 1 by 

the same argument used in the case Dl(t). Let now s be a primitive divisor of 

t 1-1 + 1. If  qs divides the order of a maximal torus T1, then by our choice of s, 
(t 1-1 + 1) should divide ]Tll. Therefore the only possibility for the order of T1 is 

(t Z-1 + 1 ) ( t -  1)/(2, t +  1). But q cannot divide IT1[. 

We have thus proved the statement for all finite simple groups. | 

We now extend this result to almost simple groups, proving Proposition 1. 

Proof." Let S be a simple group such that  S~ G _< Aut(S).  If  q divides IS[, 

then, by Proposition 2, there exists a p'-element x E S whose centralizer does 

not contain any q-Sylow subgroup of S and therefore the statement is proved also 

for G. We can therefore suppose that  q divides [G/S], but not IS[. This implies 

that  S is a simple group of Lie type, defined over the field GF(tq), for some prime 

power t, and q is the order of a field automorphism of S. Let a be an element of 

G \ S, such that  la[ = q. If we find two different primes r l ,  r2 C 7r(S), such that  

neither r l  nor r2 divides [Cs(a)[, then the theorem is proved. In fact, a q-Sylow 

subgroup Q of G is isomorphic to a cyclic subgroup of G/S,  and therefore all the 

subgroups of order q of G are conjugate. This means that  if/~ is any element 

of order q of G, then [Cs03)[ = [Cs(< fl >)[ = [Cs(< ~ >)[. But then for 

any p E r (G) ,  there exists a p'-element (namely either an r~- or an r2-element) 

x such that  x q[ Cs(fl) for any element/~ of order q, and therefore q does not 

divide ]Ca(x)[. This proves that  G does not satisfy P(p,q) and therefore the 

proposition is true. 

Let dLn(tq) denote a group of Lie type L, of rank n, defined over the field 

with t q elements, and d = 1 means Ln(t q) untwisted, d = 2 means ~L,~(t a) 
twisted, d = 3 implies L = D, n = 4, that  is dL~(tq) = 3D4(tq). I f a  is a 
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field au tomorphism of order q, then C s ( a )  ~ dL,~(t). We now prove tha t  there 

exists two different primes r l ,  r2 in ~r(S) \ 7r(Cs(a) ) .  Let r~ and r2 be primitive 

divisors respectively of m and n, where m and n are as listed in the following 

list, where we put  s = t q. 

T y p e  m n 
Az(s )  81+1 - 1 s l - 1 

2Ads  ) s z + l -  ( - 1 ) t + l  s l -  ( - 1 )  t 

B~(s) s t - 1 fl + 1 
D l ( s )  s t - 1 s 1-1 - 1 

2Dl(s )  s t + 1 s 1-1 - 1 

3D4(s) s 6 + 1 s 6 - 1 

E 6 ( s )  s 6 + 1 s 9 - 1 

2E6(s) s 6 + 1 s 9 + 1 

ET(s)  s 7 + 1 s s - 1 
Ea(s)  s 15 + 1 s 12 + 1 

F4(s) s 6 + 1 s 6 - 1 
2 F 4 ( s )  s 6 -t- ] 8 4 - 1 

G 2 ( 8 )  8 3 -- 1 8 3 -I- 1 

2G2(s)  s 3 + 1 s -  1 

2B2(s) s 2 + 1 s - 1 

It  is easy to prove tha t  r l  

not  ICs(a) l .  It  can be useful 

type S = dLn( t ) ,  except for 

then q >_ 7. | 

and r2 are two different primes tha t  divide ISI but  

to notice tha t  q >_ 5 for any exceptional group of Lie 

S = 2B2(tq ) when q >_ 3. Moreover, if S = Es( t " )  

As a corollary, recalling Lemma 2(i) we immediately get the following: 

COROLLARY 1: I f  the group G verifies P ( p ,  q), then G is q-solvable. 

We can now prove the main  theorem of this section. 

THEOREM 3: I f  the group G satistles P ( p ,  q), then o q '  (G) is solvable. 

Proof: We show, proceeding by induction on [GI, tha t  if G has P ( p ,  q) and the 

soluble radical 7~(G) of G is trivial, then (q, Ial) = 1. 

Write S = Sot(G)  = M1 x . . .  x M,~, where Mi = (Si)  k~ is the direct product  

of ki isomorphic copies of the non-abelian simple group Si and Si 7~ S j  for i # j .  

Since we are assuming tha t  T~(G) = 1, S coincides with the generalized Fi t t ing 

subgroup of G and hence C a ( S )  = Z ( S )  = 1. Thus, we can identify G with a 

subgroup of  the group Diri~_l(Aut(Si )  ~ Sym(ki))  ([16, 3.3.20]). Let Bi be the 
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base group of the wreath product Aut(Si) ~ Sym(ki) and let B = G N Dir~= 1 Bi. 
As B_~ G, B satisfies P(p, q). Then, the projections of B on the factors Aut(Si) 

have P(p, q) as well (by Lemma 2) and, since they are almost simple groups, by 

Proposition 1 they are q t-groups. Therefore B is a q t-group, too. 

Let now R < G such that  R / B  = T~(G/B). By inductive hypothesis, G/ R  is 

a q '-group. I t  only remains to show that  R / B  is a q '-group. Observe that  R / B  

is a solvable group that  acts as a permutat ion group on the simple factors Si of 

Soc(G) and hence on the set of indices f~ = [Jin=l fti, where f~ = { i l , . - - ,  ik~}. 

Then, by [5, Corollary 4] there exist two disjoint subsets F and A of f~ such that  all 

(distinct) prime divisors of [R/B[ divide also IRIS  : StabR/B(F) M StabR/B(A)[. 

We fix ri, si primes dividing [Mi[ such that  ri ~ si and ri,si ~ p for all i = 

1 , . . . , n .  We then choose c~,d~ �9 S~ such that  ]c~[ = ri, Ida[ = Hi, i fw  �9 f~i. 

Write Fi = F M ~i, Ai = A A ~i and consider in S the element x -- (x~)wea, 

where x~ = ci if w E Fi, x~ = di if w �9 Ai and x~ -- 1 otherwise. By definition 

of x, CR(x )B /B  <_ StabR/B (F) N StabR/B (A) and hence it follows that  all prime 

divisors of [R/B[ divide [xR[. But x is a p ' -e lement  and RS G verifies P(p, q). 

Hence (q, IR/BI) = 1. | 

4. S t r u c t u r e  t h e o r e m s  

The structure of the groups that  satisfy P(p, q) for p -- q is known: 

THEOREM 4 (Camina [1]): P(p,p) holds in G for a prime p if  and only if a 

p-Sylow subgroup of G is a direct factor of G. 

Proof: Let P be a p-Sylow subgroup of G and Z = CG (P). Let x E G and write 

x -= yz with y p-element, z pt-element and [y, z] -- 1. By assumption there exists 

u E G such that  z C CG(P u-l) = Z ~-1, i.e. z ~ E Z. Now, y~ is a p-element and 

y~ E CG(zu). Since P < CG(Z~), there exists v E CG(z ~) such that  yUV �9 p.  
I t  follows that  x ~v = y~VzUV -- yUVz~ �9 PZ.  Then P Z  intersects non-trivially 

every conjugacy class of G and hence P Z  -- G and P is a direct factor of G. 
| 

When the primes p and q are different, the structure of the groups that  satisfy 

P(p, q) can be more complicated. 

THEOREM 5: I f  the group G satisfies P(p, q), with p ~ q, then OP(G) is q- 

nilpotent and G has abelian q-Sylow subgroups. In particular, lq(G) <_ 1. 

Proof'. Write H = G/Oq, (G) and let h be a p ' - e l emen t  of H.  As P(p, q) holds 

in H, h �9 CH(Oq(H)). By Corollary 1, we have that  H is q-solvable and then 
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CH(Oq(H)) ~ Oq(H). Thus every p'-element in H belongs to Z(Oq(H)) and 

hence H has a normal abelian q-Sylow subgroup and every element in H \ Oq(H) 

has order divisible by p. Then H/Oq(H) must be a p-group. | 

COROLLARY 2: I[~ for p # q, P(p,q) holds in the group G and OP(G) = G, then 
oq(a) <_ z(a). 

Vroo~ By Theorem 5, [Oq(G), G] <_ Oq,(G) N Oq(G) = 1. | 

On the other hand, P(p,q) is inherited by extension by central q-groups, 

provided the q-Sylow subgroups remain abelian. By the way, observe that 

Corollary 2 and Lemma 5 hold even if p = q. 

LEMMA 5: Let G be a group with abelian q-Sylow subgroups and let Z be a 

q-subgroup, Z < Z(G). If  G /Z  satisfy P(p, q) for p # q, then P(p, q) holds also 
in G. 

Proof: Let g be a p/-element of G and write g = xy with x q ~-element, y q- 

element and Ix, y] = 1. By assumption there exists a q-Sylow subgroup Q of G 

such that [x, Q] _< Z. So x acts trivially on Z and Q/Z  and hence Q _< Ca (x). 

As y E Co(x) and y is a q-element, there exists u E Co(x) such that y E Q~. 

Since Q~ is abelian, it follows that Q~ <_ CG(x) N Co(y) -- Cc(g). | 

It is therefore meaningful to consider groups G such that Oq(G) = 1. Moreover, 

we observe that,  by (iii) and (iv) in Lemma 2, when p r q, P(p, q) can control 

only the section OP(G)/Op(G). In what follows we may hence consider groups 

G such that  Op(G) = 1 and OP(G) = G. 

Consequently, we give the following definition: 

Definition 1: We say that  a group G is a P(p, q)-group if'. 

(i) G has P(p, q) for distinct primes p, q; 

(ii) q divides I G [; 

(iii) Op(G) = Oq(G) = 1, 0 q' (G) = S.  

Remark 1: Observe that,  by Theorem 3, a P(p, q)-group is solvable. 

We next give a characterisation of the semilinear groups that  satisfy P(p, q), 

since they will turn out to be the "basic bricks" by which the groups with P(p, q) 
are built. 
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Definition 2: Let k, n, h be positive integers and r,p,  q distinct primes. Assume 
that k = a n and (r am - 1 ) / ( r  qn-1 - 1) = ph. Let H be the subgroup of G F ( r k )  • 

of order ph. Define: 

ax  ~ + b : x,  b e GF(rk),  a �9 H,  a �9 G a l ( G F ( r k ) / G F ( r  k/q , 

ax  + b : x,  b �9 GF(rk) ,  a �9 H . 

(Observe that [AF*(rk)] = rkphq and IAF~(rk)[ = rkph.) 

LEMMA 6: Let  r ,p,  q be pairwise different primes. Let  G be a subgroup o f  the 

atline semilinear group AF(rk), for some posi t ive integer k. A s s u m e  A ( r  k) < G 

and (q, [G]) ~ 1. Then G satisfies P(p ,  q) i f  and only i~ 

(i) k = qn, with n a posi t ive integer and q ~ 2; 

(ii) the q-Sylow subgroups o f  G have order q; 

(iii) for a suitable integer h 

r q~ -- 1 
_ ph; 

r q~-I - 1 

(iv) AF*(r k) _< G. 

Proos Assume that G satisfies P(p ,q )  and define V = A ( r  k) and Fo = 

G M Fo(rk). By assumption, V _< G and V is a p'-group. As Fo acts fixed point 

freely on V, we have (q, ]Fol) = 1. It follows that  Fo = [Fo, Q] • Cro(Q), where 

by Q we denote a (fixed) q-Sylow subgroup of G such that Q _< G n F(rk). 

By P(p,  q), we have that for all x E V, there exists g c G such that Qg ___ 

Co(x).  Since G = Ca(Q)[r0,  Q]v ,  we get 

v :  U Cv(Q) . 
ge[ro,Q] 

Suppose x c C v ( Q )  gl M C v ( Q )  g2 with gi E [F0, Q],gl r g2- Then < Qg,,Qg2 > 

Ca (x) and hence Ca (x) A Fo ~ 1, so x = 1. It follows that 

[VI -  1 = I[ro,Q]i(ICv(Q)l- 1), 

that is 
I V [ -  1 r k - 1 

lifo, Q]1-  ICv(Q)l- 1 r ~ -  1 

with m -- k / I Q  I (we observe that (q, IVF01) = 1 and hence IQI divides k). 
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By Lemma 2(i), P ( p ,  q) holds in the section IF0, Q]Q of G. Hence, as Q does not 

commute  with any nonident i ty  element of IF0, Q], we get (r k - 1) / ( r  m - 1) = ph 

for a suitable positive integer h. Note that ,  if q = 2, then p h  ----2_~=0"--']Q]-l~r'~'i) is 

even and hence p = q, a contradiction. So, q ~ 2 and p is the (only) Zsigmondy 

prime divisor for r k - 1. 

Write now [Q] = q~, v positive integer, and t = r m. We have 

t q" - 1 t q ' - I  - 1 
ph . . . .  w 

t - - 1  t - - 1  

with w a positive integer. It  follows tha t  (t q`'-~ - 1)/( t  - 1) = pho with ho an 

integer. By the Zsigmondy condition, we get ho = 0 and then ]Q] = q. 

Let now z be the q ~-part of k, tha t  is k -- zq n for a positive integer n and 

(q, z) = 1. We have 

ph r m - 1  _ r k - 1  _ (r a N ) z _  l _ r qn - 1  

r q '~ -Y~  1 r q~-I -- 1 r q~- I  -- 1 r q~-I -- 1 

with u a positive integer. Observe now that  (r "~ - 1, r qn - 1) -- r ('~'q~) - 1 -- 

r qn-1 - 1 and hence 
r m - 1  r q n - l _  

rq '~--r~ 1'  r q n - 1  - -  1 ]  = 1. 

Therefore, (r q~ - 1 ) / ( r  q'~-I - 1 )  is a power o fp  and hence the Zsigmondy condition 

forces k -- q'L Observe finally tha t  rkphq divides [G{ and tha t  AF*(r  k) is the 

only subgroup of order rkphq in the semilinear group AF(rk) .  I t  follows tha t  

AF*(r  k) < G and one implication is now proved. The other  is easily checked. 
| 

Remark  2: In the nota t ion of Lemma 6, the Zsigmondy condit ion implies tha t  

qn divides p - 1, as qn is the multiplicative order of the rest class of r modulo  p. 

Further,  (q, r an-1 - 1) --- 1. In fact, writ ing t = r q€ ~ , ph = 1 + t + t 2 + " .  + t q-1 

and, if t - 1 (rood q), then ph --_ 0 (mod q), a contradiction. 

Remark  3: Observe tha t  the exponent n in Lelnma 6 can be greater than  1. For 

instance, r q~ - 1 / r  q~-I - 1 is a prime number  for n = 2 and (r, q) = (2, 3) or 

(11,3). 

The next result is the main  step for unders tanding the s t ructure  of the P ( p ,  q)- 

groups. 
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PROPOSITION 6: Let p, q be distinct primes and K be a solvable group such 

that oq '  (K) = K .  Let W be a completely reducible and faithful K-module, 

W = (~in=l Vi, with Vi irreducible K-modules, [~[ = r k~ for suitable primes ri 

and positive integers ki. Then, G = W K  is a P(p, q)-group i f  and only if: 

(i) ki = q"~, ri # q # 2 and (r k~ - 1)/(r kJq - 1) -- phi, for i = 1 , . . . , n  and 

suitable nonnegative integers ni, hi; 

(ii) up to isomorphisms, 

�9 n * kl . n Dlri=l Aro(ri ) _< a _< M = Dlri= 1 At*(@) 

and the projections of  G on the factors of M are surjective. 

Proof'. We assume that  G = W K  is a P(p, q)-group and proceed by induction 

on IGI. 

Suppose W reducible and write W = W1 (~ W2, where W1 = V1 and W2 = 
n (~)/=2 V/. Write Ki = K / C K ( W i ) ,  Gi = WiKi,  i = 1, 2. By induction, we have 

(i) and 

G1 - -  Ar*(r~') 
and 

Dir~_ 2 Ar;(r~')  _< G2 _< Dir,~ 2 Ar* (r~') 
with surjective projections on the factors of the direct product. 

As G is a subdirect product of G1 and G2, to prove (ii) it is enough to show that 
I Diri~ 1 AF~(r~')[ divides ]GI. Observe namely that Dir~= 1 AF; ( r~ ' ) i s  the only 

subgroup of Dir~= 1 Ar* (r~ ~) of that  order, since it is a normal q '-Hall subgroup 

of Dir~= 1 Ar*(r~'). Define I = { ( V l , V 2 , . . . , v , ) l  vi e �88 # 1,i = 1 , . . . ,n}  and 
let P and Q be resp. a io- and a q-Sylow subgroup of K.  Hence, K = P Q  and 

_P~ K. Observe that, writing CI(Q) = Cw(Q)  n I,  by P(p,q)  we have 

i :  U c,(O)g = U c,(O)g 
g E K  g E P  

and the union is disjoint. Namely, if v E CI(Q) gl ACI(Q)  92 with gl, g2 E P, gl # 

g2, then Cg(v)  contains < Qgl, Qg~ > and hence it would follow that  C p ( v )  # 1. 

But P is conjugate to a subgroup of Di r~ l  F0(V/), so every nonidentity element 

of P acts without fixed points on I ,  a contradiction. 

Therefore, 

n n 

[11 = H(@ - 1 )  = ] P [ ] C I ( Q ) I  = [ P l  H(@/q - 1 ) .  

i=1 i=1 
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Hence, 

I D_iI'Ar;,(V )I = 11  r, = LWIIPI divides ICl. 
i = 1  " i  - -  

We can hence assume that W is an irreducible and faithful K-module. We 

have two cases: 

W primitive: if W is a primitive K-module, the claim follows by [13, Theorem 

10.4] and by Lemma 6. 

W imprimitive: we shall conclude the proof by showing that this case cannot 

occur�9 Let W be an imprimitive K-module and consider C maximal among 

the subgroups N_~ K such that  WN is non-homogeneous�9 By [13, 9.2] and the 

assumption Oq(G) = 1, we have q ~ 2 and then by [13, 9.3] we get 

1. q = 3 a n d p = 7 ;  

2. W e  = V1 @ V2 �9 . . .  �9 Vs, where the Vi are the homogeneous components 

of W c  and K / C  ~_ AF(23); 

3. C / C c ( V i )  is transitive on 1//\{1}, i = 1 , . . . ,  n. 

Write IV/I = r "~. By [13, 6.8], it follows that C/Cc(V~)  is isomorphic to a 

subgroup of the semilinear group F(rm), unless r m = 32, 34, 52, 72, 112, 232. But 

if m is even then q = 3 divides r m - 1 (as Oq(G) = 1, r ~ 3) and hence q is a 

divisor of Iv c ] and [val for any v C Vi, v ~ 1, a contradiction. 

Therefore, C / C c  (1//) is isomorphic to a subgroup of the semilinear group F(r  m) 

and hence C, being isomorphic to a subgroup of a direct product of supersolvable 

groups, is supersolvable. 

Define now R = O{p,q)(K) = O{p,q}(C) and N / R  = r  Observe that 

N C / C  < (P(K/C)  = C / C ,  that is N < C. Write K = K I N .  The Fitting sub- 

group F ( K )  of K has a complement T in K and F ( K )  is a completely reducible 

and faithful T-module. Further, (pq, IF(K)I) = 1, o q ' ( T )  = T and q divides ITI. 

By induction, we have 

Dirjez AF~(r~ ~) <_ K < Dirjeg Ar*(r~ j) 

for a suitable set of indices J and suitable positive integers bj > 3 and primes 

rj .  Write now C = C / N .  Recalling that K / C  ~- At(2 3) = Ar*(2a), there 
�9 , b j  must exist a j e J such that r~ j = 2 3 and C _> DlrjEj, j c j A F o ( r  j ). But C is 

supersolvable, while Ar;(r~ ~) is not (bj > 1). It follows that J = {j}, that  is 

C = N and then IC[ = 2dp~q I for suitable integers d, e, f .  On the other hand, 

C is transitive on Vi \{1} ,  i = 1 , . . . ,  8, and hence for every 1 r v E I7/we have 

that IC:  Cc(V~)I = r m - 1 divides IvCI. Therefore, by P(p ,q ) ,  (q,r  m - 1) = 1 

and then r m - 1 = 2ap b, for suitable integers a, b. But, as m is odd, r m - 1 has 
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a Zsigmondy prime divisor and then such a prime has to be p = 7. Hence, m 

divides 6 and it follows tha t  m -= 3. 

Therefore, r 3 - 1 = 2a7 b. We claim tha t  this is possible only if a = 0. Namely, 

assume a > 0: then r is odd and from the factorization r 3 - 1 = (r - 1 ) ( r2+  r + 1) 

it follows tha t  r 2 + r + 1 = 75 and r - 1 = 2 a. Hence r is a Fermat  prime 

and a -- 2 ~ with a a suitable nonnegative integer. I f  c~ is even, say ~ -- 2fl, 

we have a -=- 4 z -_- 1 (rood3) and then, for a suitable nonnegative integer V, 

r = 2  a + 1 = 2 ( 2 3 )  ~ + 1 ~ - 2 ( 1  ~ ) + l = 3 ( m o d T ) .  It  follows tha t  7 5 - - 9 + 3 + 1 =  

- 1  (mod7) ,  a contradiction. If  a is odd, we have a = 2(2) ~-1 _-- 2 (mod3)  

and hence, for a s u i t a b l e  % r = 2 3 ~ + 2 + 1  --= 2 2 2 3 ~ + 1  - 5 (mod7) .  We get 

75 = r 2 + r + 1 - 3 (rood7),  a contradiction. Hence, we have proved a = 0. 

Therefore, r m - 1 -= pb and by [13, Proposi t ion 3.1] it follows tha t  r -- 2 and 

m = 3 .  

Hence, G is isomorphic (as a permuta t ion  group) to a subgroup of the wreath  

product  AF(23)~AF(23) .  To see that ,  consider the action of G on the set [.JiS=~ V~ 

and identify the V~ with {(v,i) :  v E V}, where V is an elementary abelian 

group of  order 8 and i = 1 , . . . , 8 .  Let H = Stabc(V1) and let { t l , t 2 , . . . , t s }  

be a right transversal of H in G. Observe tha t  G operates on 12 -- {1, 2 , . . . ,  8} 

by the action on the right cosets of H in G and the kernel of this act ion is 

H a  = C. Recalling tha t  G / C  ~- AF(23), we denote by ~r: G --+ AF(23) the 

corresponding epimorphism. Recall also tha t  CCG(V1)/CG(V1)  ~ C / C c ( V 1 )  is 

isomorphic to a subgroup of r(2 3) and it is transitive on V~ \ { 1 } ,  so H/CG(V1)  

has a normal  cyclic subgroup tha t  acts irreducibly on V1. Hence, by [13, Theorem 

2.1], H = H/CG(V1)  is isomorphic, as a permuta t ion  group, to a subgroup of  

F(23) and then we can embed the semidirect product  V1H in AF(23). Since 

V I H  is an epimorphic image of H,  by composit ion we have a homomorphism 

r H --+ At(23) .  

Define r  G -+ At (23)  ~ AF(23) by r  = ((gl, g 2 , . . . ,  gs), ~r(g)), where gi = 

r E AF(23), i = 1 , . . . , 8 ,  and where, by numbering the elements of  

GF(23), we see that  ~r(y) E AF(23) as a permuta t ion  on ~ = {1, 2 , . . . ,  8}. It  

is easy to check that  r is a homomorphism.  Furthermore,  r is injective, as 

ker 7r = C and C acts faithfully on W = V1 �9 V2 @ . . .  | Vs. 

We can hence identify G with a subgroup of the group G* = AF(23) ~ AF(23). 

We finish the proof  by showing tha t  there exists a 2-element g E G such tha t  

(3, ICG. (g)l) -- 1. 

We can assume, up to conjugation in G*, tha t  G contains the subgroup S = 

A(23) ~A(23). Namely, S is a 2-Sylow subgroup of G* and IGI2 = IG*[2. Fix an 
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element u E A(23), u r 1 (we are going to use mult ipl icat ive no ta t ion  in A(23)). 

By  suitable number ing  of the elements  in GF(23) ,  we can assume tha t  1, 2, 3, 4 

are a sys tem of representat ives  for the orbits  of u on ~ -- { 1 , . . . ,  8}. Consider 
8 the element g = ((v~)~=l, u) E S where vl = v2 = v, for a fixed v E A(23), v ~ 1, 

and v# = 1 for j = 3 , . . . ,  8. 

Consider an element h E CG. (g) of order 3 and write h = ((wizi)~= 1, t),  

where wi E A(23), zi E F(23), t C At(23). Hence, in par t icular ,  t is of order 

3. From now on, we shall write for short  h = (wiz i ,  t) ,  showing only the i - th 

componen t  in the base group, and the same for the other  elements  in G*. We have 
h g h - 1  -1  -1  = (wizivi~zi~ w i ~ ,  t u t - 1 ) .  Since g -- hgh  -1 ,  it follows tha t  [u, t] -- 1 and 

Z--  1 --1 Z - 1  
�9 , -1 z ~ z  -1 A(23) and vi w~v u ( w i ~ )  ~ z~zi~ . Observing tha t  . ~ A , - I ~  z ~ : l  ---- W z V i t  ~ - - i u  z ~ E 

z i z ~  1 E F(23), we get zi ---- zi~ and, recalling tha t  A(23) is an e lementary  abel ian 
Z ?  1 Z? 1 

2-group, vi = v~t' w~wiu, for all i E f~. Therefore,  we have v~vit ~ = wiWiu for 
--1 

all i E f~ and, wri t ing t ha t  relat ion for j iu,  we get also �9 ~*~ ---- V ~ u V i u  t ---- W i u W i u  2 

wiwi~.  Hence, recalling tha t  zi = zi~, we get the relat ion 

(R) v~v~ = ( ~ t v ~ ) ~ ;  1, 

which holds for all i E ~.  Observe tha t ,  since t and u commute ,  t acts on the set 

{ 1 < ~ > , . . . ,  4 <~>} of the < u >-orbi t s  on ~.  Since Itl = 3, t fixes one of t h e m  and 

cyclically pe rmutes  the others.  We can hence assume tha t  1 <~> is not stabilized 
--1 --1 

by t. Wri t ing (R) for i = 1, l t ,  we get v l v l ~  = (v l tVuu)  ~:1 = (vlt~vlt2~) zl~ ~1 . 

Since the < u >-orbi t s  1 <~>, ( l t )  <~>, (lt2) <~> are pairwise distinct,  at  least 

one among  ( l t )  <~> and (l t2) <~> is not  2 <~>. Therefore,  we get v l t v u ~  = 1 

or vlt2vl t2u = 1 by the choice of the v~. I t  then  follows tha t  v l v l ~  -- v -- 1, a 

contradict ion.  

We have hence shown tha t  the 2-element g E G is not centralized by any 3- 

element of G* and then  of G. Therefore,  we have ruled out  the case of impr imi t ive  

act ion of K on the module  W and the proof  of the necessity of conditions (i) and 

(ii) is complete.  

Conversely, assuming (i) and (ii) we have G_~ M and, observing tha t  ri r p 

for all i, by L e m m a  6 and L e m m a  2, G is a P ( p ,  q)-group. Further ,  q divides 

IGI, as the project ions of G on the factors of G are surjective, and also OP(G) = 

o q ' ( G )  = G. Hence, G is a P ( p ,  q)-group. | 

Before s ta t ing  the consequences of Propos i t ion  6, it is convenient to fix some 

notat ion:  

Det in i t ion  3: A group G is said to be  a group of type  (*)(p,q), where p, q are 
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distinct prime numbers, if there exist positive integers ki, hi and primes ri r p, q 
such that the conditions (i) and (ii) of Proposition 6 hold for G/O(G). 

COROLLARY 3: Let G be a group that satisfies P(p, q) for p ~ q and let H = 
oq' (G). Then Oq(G) ~ Z(H) and O{p,q}(H) is q-nilpotent with abelian q-Sylow 
subgroups. Further, H/O{p,q}(H) is either a group of type (*)(p,q) or 1. In 
particular, if  G is a P(p, q)-group then G is a group of type (*)(p,q). 

Proof: By Corollary 2, we have Oq(G) = Oq(H) <_ Z(H). Using the same 
argument, we have that Oq(H/Op(H)) = O{p,q}(g/Op(H)) so O{p,q)(H) is q- 

nilpotent with abelian q-Sylow subgroups. Suppose Go = H/O{p,q}(H) ~ 1 
and let G = Go/O(Go). Then F(G) has a complement K in G and F(G) is a 

completely reducible and faithful K-module. Since F(G) = F(Go)/O(Go), we 

have Op(-G) = Oq(-G) - ~  1. Clearly, o q ' ( - G )  • -G and hence G is a P(p, q)-group. 

Thus, the assertion follows by Proposition 6. | 

COROLLARY 4: If, for p ~ q, P(p, q) holds in G, then the p-Sylow subgroups of 
are abelian. In particular, lp(O q' (G)) ~ 2. 

Proof: Observe first that oq'(G/Op(G)) is isomorphic to a subgroup of T = 

oq'(G)/Op(Oa'(G)). By Corollary 3, T/Oq(T) is either 1 or a group of type 

(*)(p,q) and hence T has abelian p-Sylow subgroups. In particular, if we denote 
by R the pre-image in G of oq'(G/Op(G)), we have oq'(G) < R and hence 

tp(oq' (a)) <_ 2. . 

If P(p, q) holds for p r q in a non-trivial way in a group G, then the primes p 

and q have to satisfy some conditions: 

COROLLARY 5: I[ G has P(p, q) for distinct primes p, q and op(a/Ov(G)) does 
not have a central q-Sylow subgroup, then: 

(i) q # 2 and q divides p - 1; 
(ii) there exist positive integers r, n, h, with r a prime, such that 

= ( r  qn - 1 ) / ( r  - 1 ) .  

Proof." Observe that q divides [Oq'(G) : O{p,q}(Oq'(G))[. Otherwise since, by 

Corollary 3, O{p,q} (0 a' (G)) is q-nilpotent, G/Op(G) has a normal q-Sylow sub- 

group and then, by Corollary 2, OP(G/Op(G)) has a central q-Sylow subgroup. 

Hence, 0 q' (G)/O{p,q}(O q' (G)) is a P(p, q)-group and the claim follows by Corol- 

lary 3. | 
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We now give two examples to show that nothing can be said about the top 

section G / o q '  (G) and the derived length of the Frattini subgroup O(G) of a 

P ( p ,  q)-group G. In fact G / O  q' (G) can be isomorphic to any q'-group, as we 

show in the following example. 

E x a m p l e  1: Let p, q, r be pairwise different primes such that there exists an 

affine semilinear group AF* (r k) that  satisfies P ( p ,  q), and let H be a q'-subgroup 

of Sym(n), with n a positive integer. Then there exists a group G such that G 

satisfies P ( p ,  q) and G / O  q' (G) TM H .  

Proo~  Let L = Ar*(r k) and N = AI'~(rk), where Al'*(r k) satisfies P ( p , q )  (see 

Lemma 6). Let L ~ be the n-fold direct power of L and define the subgroup L,~ 

by 
Ln  = { ( l l , . . .  ,l~) C L'~: 11 =- "'" -~ In modN}.  

Equivalently, set diagL '~ = { ( / , . . . , / )  E L~: l E L} and L,~ = N'~ diagL n. It is 

easy to see that  the {p, r}-Hall subgroup of L~ is N '~ and that L , , / N  n TM L / N  has 

order q. By the definition of L , ,  we know that  L ,  is Sym(n)-invariant. Therefore 

we have an induced action of H on L,~, that  is if (xl, x 2 , . . . ,  x~) is in Ln and a is 

in H,  then (Xl, x 2 , . . . ,  x,~) a = (x~ ,  x2~ , . . . ,  xn~) is in L,~. We define G = L n H  

and we prove that G satisfies P ( p ,  q). Let g = (d, a) be a p'-element of G, where 

= (hi, a l , . . . ,  a,~) is in L,~. Since a q-Sylow subgroup of G has order q, it is 

enough to find a q-element (~, 1) ~ 1 of Ln that centralizes g and this happens if 

and only if ~ -~  = ~a. If q divides Igl, then the statement is proved. We can now 

suppose that  g is a q'-element and therefore it belongs to a {p, q}'-Hall subgroup 

of Ln < a >. We can therefore suppose that ai is an r-element, for i = 1, 2 , . . . ,  n. 

If cr -1 = ( m i r a 2 . . .  mi~)(mil+l" '"  mi2)- '"  (mi~_l+l """ mi~), we define 

bl -= am~am2 " �9 " am~ , b2 ---- am~l+~ �9 �9 �9 am~2, �9 �9 �9 bs ~ am~s_~+~ " �9 �9 am~, �9 

Since bl is an r-element of AF* (rk), there exists a q-element Cml such that  c ~  = 

Cm~. We define 

a m  I a m  2 C t r a l a m  2 a m i l - - 1  a m l a r a 2 " " a m i l _ l  
C m  2 ~ C m l  , C m  3 ~ C m 2  ~ CVal  , " �9 " ~ C m i  1 : C m i  1 - 1  ~ C m l  

If we do the same with the other cycles composing a - l ,  we can define 5 = 

( c l , . . . ,  c,~) and then ~ - 1  = ~a by construction. 

E x a m p l e  2: Let r, p, q be pairwise different primes and h a positive integer such 

that  (r q - 1)/ ( r  - 1) = ph. Then, following the construction given by I. M. Isaacs 

in [8, Section 4], we can build a group G such that  G / ~ ( G )  "~ Ar*(rq) and 
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dl(F(G))  > log 2 (q-1) .  Further, each element in F(G)  is centralized by a q-Sylow 

subgroup of G (see proof of Theorem 4.9 in [8]; observe also that  the condition 

q > r is replaced here by our assumption q # r and (r a - 1)/(r  - 1) = ph). Hence 

G is a P(p,q)-group. Then, taking for example (r, q,p, h) = (3, 5, 11, 2), we get 

dl(F(G))  = 3 and choosing (r, q,p, h) = (5, 11, 12207031, 1), we get dl(F(G))  = 4. 

Although we were not able to prove that there exist quadruples (r, q, p, h) for 

arbitrarily large q, there is some 'experimental' evidence to believe that  this 

should be the case. 

ACKNOWLEDGEMENT: We thank the referee for very useful remarks. 

References 

[1] A. R. Camina, Arithmetical conditions on the conjugacy class numbers of a finite 

group, Journal of the London Mathematical Society (2) 5 (1972), 127-132. 

[2] R. W. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex 
Characters, Wiley, Chichester, 1985. 

[3] R. W. Carter, Conjugacy classes in the Weyl group, Compositio Mathematica 25 
(1972), 1-59. 

[4] J. Conway, R. Curtis, S. Norton, R. Parker and R. Wilson, Atlas of Finite Groups, 
Clarendon Press, Oxford, 1985. 

[5] S. Dolfi, Orbits of permutation groups on the power set, Archiv der Mathematik 
75 (2000), 321-327. 

[6] B. Huppert, Research in Representation Theory at Mainz (1982-1990), Progress 
in Mathematics, Vol. 95, Birkh/iuser Verlag, Basel, 1991, pp. 17-35. 

[7] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin, 1967. 

[8] I. M. Isaacs, Coprime group actions fixing all nonlinear irreducible characters, 
Canadian Journal of Mathematics 41 (1989), 68-82. 

[9] N. Jacobson, Basic Algebra I, Freeman, New York, 1985. 

[10] A. S. Kondrat'ev, Prime graph components of finite simple groups, Matematich- 
eskii Sbornik 180 (1989), 787-797 (translated in Mathematics of the USSR 67 
(1990), 235-247). 

[11] G. Malle, J. Saxl and T. Weigel, Generation of classical groups, Geometriae 
Dedicata 49 (1994), 85-116. 

[12] O. Manz and T. Wolf, Brauer characters of q '-degree in p-solvable groups, Journal 
of Algebra 115 (1988), 75-81. 

[13] O. Manz and T. Wolf, Representations of solvable groups, London Mathematical 
Society Lecture Notes Series 185, Cambridge University Press, 1993. 



Vol. 122, 2001 FINITE GROUPS 115 

[14] G. Micheler, A finite simple group of Lie-type has p-blocks with different defects, 

p ~ 2, Journal of Algebra 104 (1986), 220-230. 

[15] G. Navarro, Characters and blocks of finite groups, London Mathematical Society 
Lecture Notes 250, Cambridge University Press, 1998. 

[16] D. R. Robinson, A Course on the Theory of Groups, Springer-Verlag, Berlin 
Heidelberg-New York, 1982. 

[17] T. Weigel, Generation of exceptional groups of Lie type, Geometriae Dedicata 41 
(1992), 63-87. 

[18] J. S. Williams, Prime graph components of finite groups, Journal of Algebra 69 
(1981), 487 513. 

[19] K. Zsigmondy, Zur Theorie der Potenzreste, Monatshefte fiir Mathematik und 
Physik 3 (1892), 265 284. 


